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Kegpdiowo 1

20VOAa xall AAYEPBEIXES OOUEC

1.1 >YUvolx

1.1.1 Tesvixd

To chvolo, mou 10 avThauBavouacTeE WS Uit GUAOYY| BLOXEXPUIEVKY G TOL-
XElwY (eVieyouéve dmelpwy ato TAdog), eivon uior YeueAddng évvola Twy
pordnuaTixmy mou dev optleTan (Bn)\o@r’] Oev avdryetol o€ AAOVGTEPES EVVOLEC),
omee dev oplleTon 1 évvola Tou oNUEloy 0T YEWUETELA.

Av 1o x elvon éva oToyelo Tou cuvohou A cupPoriloupe x € A. Alo
oOvoha A xou B Aéyovton too av xan wévo av €youv o idtar axpl3og otouyeia.
Av xdle oroiyelo Tou cuvorou A avixel xa 6To clvolo B Adue 6Tl o A eivan
vrocVvoho tou B (A C B). Aveivw A C B xu B C A téte A= B.

To xev6 cvolo () eivar To olvoho Tou Bev Eyet xavéva ototyeio xon Ve-
wpeltar utoovvolo orooudrrote dhhov cuvéhou. To Suvapocihvoho P(A)
evoc cuVOLoU A elvar To GOVORO TwV LTOGUYOAWY Tou. Av T0 A €yel N ctoyela
(JA| = N) 9o ebvon [P(A)| = 2V.

Yo oUvoha opilovton ot tpdielc Evwon (U) xou tow? (N). T dYo ovvoha
A, B eivau

AUB={x|x€ Anfz e B}

xou
AnB={z|xz€ Ak x € B} .

AvrtioTorya opiCovtar 1) évwon xau 1) Topr| yiot TEQLOGOTERA omd 600 GUVOAL.

H Sragpopd A — B 800 cuvorwv A xou B elvor 10 6OVOAO TOU TEQLEYEL Tal
ototyeio Tou A mou dev avixouy 6o B. Av B C A 1 dlapopd toug Aéyetan
oupnAewpa Tou B 6o A xou cuuforileton BC.

Kagteolwavo ywoupevo 50o cuvorwy A xar B elvor to alvoro twv dlo-
TETAYPEVLY (EUYOV PE TO Tp®TO cTolyelo amd 10 A xou To BelTEPo amd TO
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B:
Ax B={(a,b)|ac Akarbe B} .

To xapTectovd YIVOUEVO 1 GUVOALY elval avTlcToLYo TO GUVOAD TV DLUTETAY-
UEVWY N—G0WV.

1.1.2 3Xyéoeg

‘Eva utocivolo R tou xoptectavol ywopévou A x B ovoudletan BureAig
oy€or anb 10 A 610 B. Mnopolue va €youpe plo dyerr oyéon oo (dlo To
obvoro A, 6tav R C A x A. Av (z,y) € R oupPorilovue zRy.

Ml Sipehric oyéon oto chvoro A ovoudletoan oy€on wooduvauiog 6ty
elvou

e avtonadng, onhadh xRr Vo € A,
® CLUUETELXY], Onhad z Ry = yRx Vx,y€ A xau
o petafBatixy, onhadf v Ry kat yRz = xRz VY x,y,z € A.

[t Topddetyyar, 1 lodTNTo 6€ €Vl GUVOAO ebvon oyEaT) LooduViG EVE 1) GYEOT
A C B dev elvan emeldr] dev ebvan ouppeten. Xe uor oyéon wooduvapiog avti
xRy ouuPBoiilovue x ~ y.

H xAdon wwoduvauiag K, evoc ctoyeiov a tou cuvolou A eivon o
oOvolo Twv oToyelwy Tou A Tou elvan 1WoBUVAUA YE TO @ YioL Lol BEBOUEVT
oyéon wwoduvauiag ~:

K,={x€A|x~a}.

To clvolo 1wV x\doewy woduvoplag tou A cupPorileton e A/ ~. Ioybouv
To eCAC:

1. Va,be Acivau K, = Kp av xaw uévo av a ~ b.

2. Vabe Aetvae K, = K, 4 K, N K, = 0.

3. Uges Ko = A.
Aéue 6L 1 oyéon wooduvapiag ~ drulovpyel uio Stoéplom Tou cuvorou A.
[evixd, Swopépton evog ouvorou A ovoudleton Evar GUVOAO amd U XEVE UTOGU-

voho X; tou A mou ebvor Eévar petal toug (X;NX; =0y i # ) xou 1) évwon
Toug Woe Otver o A (U X; = A).
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1.1.3 Xuvaptroslg

Mio Siuehric oyéon avdueoa oe 600 clvora A xou B Aéyeton aneixovion 1
cuvdetnoy f and 10 A 610 B av kdle otoyeio  tou A oyetiCeton e éva
akp1Pas otoyeio y Tou B. YuufoiiCouue

f:A=>B, x—vy, y=f(x).
Avo cuvapthoel f: A= Bxa g: C — D ebvan foec av A = C, B = D xo
f(z) = g(x) yio xdde z € A.

Mio ouvdptnon f : A — B ovoudleton 1 — 1 av o€ SLopopeTind o Totycia
Tou A avtioToty(Cel SlpopeTind cTotyEla Tou B:

fa) = f@@) = v =a .

Mia ouvdptnon f : A — B ovoudleton ent av oe xdde otoryeio Tou B avti-
ototyiletan xdmolo otovyeio Tou A:

Vye B Jz €A pey=f(z).
Av éyouye dUo ouvopthoec f 1 A — B xa g : B = C, obvdeon twv
000 Aéyeton n ouvdptnon go f : A — C pe
(g0 f)(x) =g(f(x)) .

H oivieon d0o cuvapthoewy dev elvar yevikd avtipetaletikn elvor duwe mpo-
oetaiponikr).  Av €youue Tpew ouvapthoes f 1 A = B, g : B = C xau
h:C — Ddacivar ho(go f)=(hog)o f (and 10 Aocto D).

Av pta ovvdptnon f : A = B efvar 1 — 1 ka1 enf opileton 1 avtictpopn
owdptnon f~1: B — A e

@) ==,

Av o1 800 cuvaptroe f 1 A — Bxou g: B — C elvan 1 — 1 xou ent to1e
xwngof:A— Celtvarl—1 xouent xou enopévoc opiletor n (go ) y
NV omola Loy Vel

(gof) ' =f"og .

1.2 AlyeBpuxéc doueg

1.2.1 Ilpd&ewg o= ocOvoia

ITpd&m oc éva un xevéd olvoro A ovoudletan pio amewxdvion ¢ omd o0 A x A
oto A. ¥e dVo onowdrnote ctoyeio a, b Tou A avtioTolylCovue dNAadT Eva
daho otoyelo ¢ tou A. Avtl yw ¢ = ¢(a,b) oupPorilouvue cuvidwe

c=axb,
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6moL * To cUUBoAO TNG TEAENS (h xou ¢ = ab ov Sev undpyeL xivBuvog alyytong).

‘Otav Movoupe Ti¢ cuvndopéveg amhéc e€lOMOELS UE aXEPALOUS 1| TEAYHOTL-
%00¢ apriuolc YenoWomololue TévTor (Xt og UNY To SNAGVOUNE) XETOLES BLOTY-
TEC TV TPAEEWY TN TEOGVECTNC YO TOU TOAAATAACLAGHO) OTWE TNV TEOCE-
TOUELO TLXOTNTA XU TNV RETATETIXOTNTA. Axdua xou ol cuuBolicuol pog
umopel v Tpoimovétouy xdmota WdTNTa plag Tedéng: Mropolue xou yedgouue
T+ y+ 2z axpog ened (x +y) + 2 = x + (y + 2), Snhady enedh) n npdodeon
elvon TpoGETARLG TIXT).

1.2.2 Opddec
‘Evo oOvolo G pe pio mpdln * Aéue OTL amoteholy TNy opdda (G, x) dtav:
o H mpdén * elvar mpooeTouplotiny, dnhadn

ax(bxc)=(axb)xc Va,bceqG.

e Trndpyel ovdétepo otolyeio e € G, dMAady| éva otolyelo Tou G té€Tolo
WoTE
axe=exa=a VaeG .

o Kdie otoyelo a € G €yel avtiotpogo a’ € G yio 10 onolo oy Vel

/ /
axa =a *xa=e.

Av emmiéov 1oy leL xou 1 peTodETIN WLOTNTH AEUE OTL 1) opdda ebvan pmetarde-
TN 1) oBeav.

Hopoadetypato ouddwv: (Z,+), (Q,4+), (R,+), (C,+), (Q*, ), (R*,-),
(C*,-).

1.2.3 AaxtOAloL
‘Evo sOvoho R pe 600 mpdelc + xou - anotehoy tov SaxtOAMo (R, +, ) dtav:
e To (R,+) elvon afehiavr) ouddo.

o H npdln - elvon mpooeTouplo Tinr:
a-(b-c)=(a-b)-¢c VabceR.
e Ioylouv o apleTERSS %ot 0 BEELOC ETUUEPLOTIXOS VOUOC:
a-(b+c)=(a-b)+(a-c), (a+bd)-c=(a-c)+(b-c),
Ya,b,ce R.
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Av 1 mpd&n - elvon petodeting o doxtUAog AéyeTon heTordeTinds. Av o daxti-
Mog Bardétel oLBETERO GTOLYElD XAl WE TEOC TNV TEAETN - AéyeTon BaxTOALOG
we povadiolo cTolyelo.

Hopodetypato doxtuhiov: (Z,4+, ), (Q,+,-), (R, +,-), (C,+,").

1.2.4 Xopota
‘Eva gvoro F e 600 mpdelc + xou - amoteholy 10 copa (F,+, ) otav:
o To (F,+,-) elvon yetodetindg doxtOMOC pe povadiodo aTotyelo.

o Av F* = F — {0}, 6mou 0 10 oudétepo atoyeio tne mpdéne +, to (F*,-)
elvon oudoa.

Hopadetypoto cwpdtwv: (Q,+,-), (R,+,-), (C,+,:).
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Kegpdhaio 2

[MNoouuind cvuoctApota: I'evixd

2.1 T'popuixd cucTAPXTH

H yeauur dhyefea Eexwvder and 1o mpolifua g emiluomg YeoUARLXGDY
cvoTNudtwy. ‘Eva t€tolo clotnua ot yevixn nepintwon anoteAsiton ond
m eEIOWOELS PE N oy VOOTOUC (AéUE OTL Elvon M X 1) oL omoleg TEETEL Var Loy boUV
TAUTOY POV

IMopdderypo 2-1

‘Eva ypouuixd cbotnuo 3 eloOOEOY UE 3 oy VMG TOUS EYEL T LOPYPN:

ar + By + mz o= &
ax 4+ oy + Yz = O (2.1)
azr + [y + 3z = 03

To enduevo ypouuxd cLo TN el 3 CLOMOELS PE 4 Ay VOO TOUC!

2.231 + To + 3$3 — 4.234 = 20
rK — To + rs + Ty = 12 (22)
3131 + 2:62 + r3 —+ 21’4 = 30

[ va ebvan évar obotnua Yeouuxd mpérer o kdle dyvwotos:
e Vo uny etvar LPUEvog ot UV,

® Vo unv ebvon GpLoUo GUVORTHOEWY OTWE OL TELYWVOUETEIXES, EXVETIXEG
AT,
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® Vo unv mohhamAoctdletan Ue dAAOV &y vewoTo.

IMopdderypo 2-2

To axéhovdo choTNU BEV Elvor YpouUx0, ETELDY| YpouuixY| eivon uévo 1 debTEEN
elowot| Tou:

zy+z = 10
r+y+z = 7
In(z—22) = 0

AVom evic ypouuixol cucThuatoc m X 1 elvar xdde n-dda aprdudy Tou -
xovorololy xot Tic m e€lowoelg Tou. o xde ypopuxd cbotnua tpia povo
€VOEXOLEVA UTHRY OLV:

o va €yel plo povadixry Ao,

o Vo Eyel dreipeg AUoerg

o 1 va unv éyet kapia Avon (adivoto cUoTNuA).
Av 70 clotnua etvar 2 X 2, dnhad

amr+by = ¢
ar +by = ¢z,

(2.3)
elvon eUxoho Vo TO Oel xavels auTtd TalpVoVTUC TN YEWUETEXY epunVveld TwY
ellonoeny. Eyouue d0o evldeleg oto eninedo. Autéc umopel va

o téuvovta oe éva onuelo (z, y), oL CUVTETAYUEVES TOU oTtolou divouv T
HOVaOLXY) ADOT| TOU GUGTAUATOS

e 1| va TowtiCovta, ondTe To GUCTNUA EYEL dMELPEC AUOELS

o 1) va ebvan mapdhAnieg, omote To oot efvar addVATO.

2.2 T'sopetpixn spunveia

2.2.1 Evdeieg — enineda — unepenineda

‘Onwe €va yeauuxd clotnue 2 X 2 avtiototyel oe éva olotnua 2 sudely 610
eninedo (ywpoc 2 dlaotdoewy), €tot xat éva 3 X 3, oav 1o (2.1), avtiotoryel oe
€va oUOTNUA 3 ETTEBWY 0TOV TELOOWoTUTO YWeo. Tote:
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e Ymdpyer povadxh hoon (z, y, z) 6tav ta tpla enineda téuvovton oe éva
oNuelo PE QUTEC TIC CUVTETAYMEVES. (To 800 eminedo téuvovtou oe pio
eudelo mou téuvel To Tpito o éva ornueio.)

e Trdpyouv drelpec AIoES OTaY

— 7o Tplo eminedo TavtiCovron,

— to 600 eminedo Towti{ovton xou To TElTo TEUVETAUL UE QUTA OF WLd
cudeia

— 1) T Tpla enimedo Téuvovtan oty (Bl evdeia.
o Acv undpyet xouia Ao 6tay

— 1o Tplo eminedo etvon ToEAAANAAL,
4 /7 /7 7’ 7 4 /
— Ta 800 eninedo TautilovTon xou To Teito elvan TapdAAnio UEe auTd,

— 7o 000 emimeda efvor TopdAANAa xon To TEiTo Tor TEUVEL OE BLO TAPGA-
Anheg evdeleg,

— 7o Tpla eminedo TéUvovToL avd V0 O TEEIC TUPGAANAES Un) cuveTiTe-
dec eudelee (Tprywvixy didtaln emmédwy).

Av éyoupe cbotnua pe edlowoelg 4 ayvootwy 1 xdie e&lowon do avtioTor-
yel og éva unepeninedo 3 dlaoTdoewy Yoo ot éva yohpo 4 doTtdoswy. H
XoTdo Ao T Yiveton TOA) TEpiTAOXN XU YELWOTEREVEL BlopX®OS OGO Tyl
VOUUE O TEPLOCOTERES OLoTdoElS. Me TNV eVUAAOXTIXT YEWUETEXT] EpUNVELX
Tou axohovlel Tar TEdyuota ebvar o edxoAa.

2.2.2 AwvdOopota

Kdde ypauuixd cbotnua umopel va Yewpniel wg pla dtavuouatiny| e&iowon.
'Etot, yio nopdderypa, to 2.3 elvor 1) Stovuopatiny| e¢lowon

Qalelnl=la] (2.4

E8¢ ta drovbopota (a1, az), (by,bs) xou (c1,ca) ovuBohilovton we mivakeg -
otriAes (xepdhato 3). Tdpo:

o Av ta dovbopotar (aq,az) xou (by,be) Oev elvon ouyypouxd (Sev ebvan
ONAdY| To Eva TOANATAACLO TOU GAhou) téte opllouv 2 dZoveg xat o-
Tolodhnote Sidvuoua (c1,c2) pmopel va avoluidel otoug d€oveg awtolc.
Mmopel dnhadr va Beedolv CUYXEXQUEVES THES TWY T XL Y WOTE VA
oyVet n 2.4. Oo Mue (xepdhato 7) 61t t0 (€1, c2) unopel var ypoptel we
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VPAUUIKOS oUurdUacos TwV ALY dtavuoudtwy. Elval 1 teplntwon tng
HovaoLxg hoorg.

o Av 1o Stovboparta (ag,az) xou (by, by) eivar cuyypouxd dev unopolv vo
oploouy 2 d&oveg xaL TOTE

— av 10 (€1, ¢2) Elvon L oUTH CLUYYPEAUUIXG HE OUTE UTOPEL Vo YEupTEL
¢ YRUUUXOS GUVOLAOUOEC TOUG %ot HEALOTO UE BTELPOUS TEOTOUS
(&melpec MoeLg), eved

— av 0ev ebvar ouyypauixd UE AUTA OEV UTOPEl PE XAUVEVA TEOTO Vol
YEUPTEL (G YRUUUIHNOG CUVOUAGHOS TOUG (xcxp(oz )\\')on).

‘Ocouc ayvmoToug xat 6oeg eELONOOELC xou oy EYOoUUe (OnhadY| yevixd yia
€var GUOTNUOL T X 1) TO XELTHPLO TUROUEVEL TO (Blo:

Ilpéner to didvvopa twrv otalepdy dpwy (avtdr ota deiid pékn twr €&
OGTEWY) va UTopel va Ypagtel w§ Ypaupiko§ ouvduaoios Twy O1avuopudtwy
TV OUVTEAETTAY Twr ayvdotwy (Tou elval doa kat ot dyvwototl, 6nAadn n). H
OLopopEd E TO TaEABELY A TOU GUCTHUTOS 2 X 2 Yo ebvan T dhar Tar SLaviouaTa
Yo £Y0UV M CUVIG TOOEC.

IMopdderypo 2-3

To cbotnuo (2.2) dev eivon adVvoto, av to dtdvuoua (20,12,30) pmopel va
YeuPTEL S YRUUUINOG CUVOUACHUOS TWVY

(2,1,3), (1,-1,2), (3,1,1), (=4,1,2).

2.3 Opoyevr cucTALATH

‘Otav ot otadepéc ota 8edld YEAT EVOC YRUUUIXOU GUGTAUATOC Eivol O OAEC TIC
edlonoelg foeg pe 1o 0 €youue éva opoyveveg clotnua. Eva 2 X 2, vy
TOEAOELY A, TETOlo cVoTNH Vo EYEL TN Hop®T

ar+by = 0

RS (2.5)

‘Eva opoyevég obotnua amoxheieton va ebvon adOvato, agod Eyel mhvta T Ador
oty omnofo Ghot ot dyvwaoTtot elvor (oot pe o 0 (TeTeLpévr AbVor). Eno-
UEVGC



2.3. OMOI'ENH XTXTHMATA

o 1) Vo €xel uOVO TNV TETEWIUEVT Ao

o 1 Yo €yel dmelpec AUOELS.

11
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Kegdhowo 3

ITitvoxec

3.1 T etvat oL tivaxec

‘Evag nivaag eivar ouctaotind pla opdoyovia dudtaln aprduoy o ypapjiég
xou otrikeg. Av €yel m ypouués xau n othres hue 6T elvon tivaxag (Saotdoe-
wv) m X n (xou €yel m - n ovoiyein). Xta emdpevo mopadelypoto o A eivor
nivaxag 3 X 4, 0 B etvar 2 X 2 xow o C' 3 X 2:

1 -6 3 1 10 3
A=| 2 4 -9 2 B:{_ig _22} C=|-6 9
-5 12 8 -1 5 17

Xpnoyomololue, YeEVIXd, xe@oholor YEUUUUTO YLl TOV CUUBOMOUO TUVAXOV.
To otoiyeio evoc mivaxa A mou PBeloxeTton oTn Yeouur ¢ xou T oTAAN j
ouuPBohiCeton a;; N (A);j. 'Etot, v toug mponyoluevoue mivaxeg Yo ebvor

azs = -9, az =12, boy = =8, €31 =9 .

YuuBoriloupe eniong ohdxhneo évay mivoxor A xon we [ag;].
"Evag nivoxag mou €yel uévo pio ypouur, 6meng o

[2 2 15 —4],

ovoudleTon TEVAXAG - YEUULWY], EVG €vag Tivoxag Tou €yel uovo plo GTAA,
OTWC O
-5
-6 |
3

ovopdletar mivaxag - oTAAY. Me tétoloug Tivaxeg umopoUUe va Taplo Tévou-
ue Swavbopata. Toug cuyBorilouue pe uxpd yedupoto LToYEauUopéva (ovTl
Yo Béhog mdve Toug), 6TeE T, T, ¥, C, b

13
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Avo mivaxeg elvor ioor dtay €youy TIC (Bleg BLUOTIOES XaL T avTloTOoLy
otolyela Toug elvan {oa.

O avdotpogog nivaxag tou A = [a;;] TpoxUTTEL OTaV UETUTREPOUYE TIC
Yeouuéc Tou A oe oThHAES (%L CUVETHE XL TIC oTHAEC TOU OF Ypocppég):

AT = [aji] (31)

[ tov A, mou avagépdnxe oTtnv apyn we Te®To Topdderyua tivaxa, Yo etvor:

1 2 =5

r | -6 4 12
=13 9 3
1 2 -1

Av o A civae m xn o AT Vo elvor n x m.

3.1.1 Edwxég NepLRTWOoELS

e 'Evoc nivaxoc 6nwe o

1 3 1
4 -9 2
-5 8 -1

AEYETOL TETEPAY WVILXOG: EYEL (510 aptiUd YRUUUMY Xl OTNAGY.

To ddpotopa Twv drory vy ototyeiny evoc Tetparywvixol (n X n) tivaxa
A Nyetan {yvog tou mivaxa xar cuuPBolileton tr(A):

tr(A) = Zaii (3.2)

¥t0 mopdderypd pog etvon tr(A) =1—-9—-1=-9.

o 'Evac TeTpaywvindc mivaxag Omme o

10 0
0 -9 O
0 0 -1

AEyETOL SLaLY VIOG: OAa ToL U1 Blary VLol oToLyelo Tou, To a;j PE © 7# 7,
elvon undevixd.
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o ‘Evoc TeTpaywvixog mtivaxog 6mee o

100
3 70
2 01

AEYETAUL XATW TELY WVIXOG: Ol To oTotyela Tou Tou BploxovTon Téve
amo TN OLYOVIO EVOL UNOEVLXAL.

o 'BEvog tetpaywvindg mivaxog 6nwe o

21 4
05 2
0 0 8

AEYETUL AV TELYWVIXOG: OAa o oTolyela Tou Tou Beloxovian xdte
amb TN By VIO fvon UNdEVIXA.

0]

'a)

o ‘Evog teTpaywvinog mivaxog omo

= W
RO O =
I RN

AEYETOL CLURUETELXOG: elvan [0oC pe Tov avdoTpogd tou (A = AT).

e O n X n dayoviog Tvoxag mou €yel oo T oTotyela TN dtaywviou Tou
foo pe 1,

1.0 0 ]
010

I,=10 01

|
—HOo oo Oo
—~
w
o
S—

| 000 ]

Aéyetan povadialog mivoxag n X n.

3.2 Ilpdéelg mvaxwy

3.2.1 IlpbocVYeonm

H rnpbodeom 600 mvinwy, mou mpémer va éxouvy (016 Oiaotdoes m X n, ylveton
mpocvétovtag To avtiotoyo otovyeio Toug. Ily. yio 600 3 x 4 mivoxec:

1 -6 31 0 45 -2 =2 139 1 —-1
2 4 -9 2|+ -8 -3 12 6|=|-6 1 3 8
-5 12 8 1 9 2 7 =9 4 14 15 -8
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[ v mpdoveon Eyoupe 6T
o Ioylouv n artipetaletikn xou 1) TIPOTETAPIOTIKT) LOLOTNTAL.

o Oudétepo ororyeio eivor o undevikés mivaxag (ebtvon dha o oTotyeior Tou
UNOEVIXG) UE TIC XAUTAAANAES SLaoTAGELC.

o Avtifetog evoc mivoxa A etvan o — A mou €yel Oha o oToyelor Tou avtideta
ue To avtioTtorya Tou A.

o Tov avdotpogo evog adlpoiouatog mvixwy oy Ve

(A+B)" = AT + BT . (3.4)

3.2.2 TloAhamhaociacuog he apltduno

O Baduwtdg TOANATAACLATOG VO aptduol e évay mivaxa (AA) Sivet
évay VEo Tivoxar, Tor oTotyelor Tou omolou elvor 0T TOU aEY X0V TOANATAACLO-

ouéva ye tov aptdud (((AA);; = A(A);):

s[5 9 20] _[30 —54 126
4 10 =3 | |24 60 —18

Ioybouv ol witoTnTEC:
[ ] /\1(/\2A) == ()\1)\2)14
o (M +A)A=NMA+ XA

e M(A+B)=)XA+ B

3.2.3 IloAhamiaciacuocg

O moAhanhaciacpos mvaxwy oplleton Yo 0Vo mivaxeg dtav o aprduds
Twy OTHADY TOU TPWTOU €lval 100§ e Tov aptud Twy Ypapuuoy Tou OeUTEPOU.

Av
e 0 A= [a;| elvor m x p xou
® 0 B =[b] v p xn
TOTE TO YWOUEVO TOUG,

e o nivaxoag C = AB, elvat m X n
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e xau Tot oTotyelor Tou divovTon and TIC OYETELS
P
Cij = E aikbkj . (35)
k=1

O tinog autdg pag Aéel ot

Av Solue TIC YPUUUES TOU TEMTOL Tivaxo Xt TIC OTHAES TOU BEUTEQOU WS OLo-
viopato to otoyeio ij touv C' = AB elval to e0wTepiké Ywvopero tng Ypaupns
i tou A enl Tnr otAn j tov B:

blj
Cij = [ail a2 ... aip:| .
bpj

= ailblj -+ aingj + ...+ aipbpj

[Topdderypa:
{3 _5 —6] i _{ 4 —69]
4 1 8 5 5 45 34

Eneor):

3-7T+(=5)-14+(-6)-2 = 4
3-(=3)+(=5)-6+(=6)-5 = —69
4-7+1-1+8-2 = 45
4-(=3)+1-64+8-5 = 34

"o Tov moAamAaotaoud Tvdxwy 1oy vouy ot WdTnTes (av ta yvoueva opi-
Zovton):

o A(BC) = (AB)C (npocetaplotixn BLoTNTL)

e A(B+C(C)=(AB)+ (AC) xa (A+ B)C = (AC) + (BC),
EVD YEVIXE glvol

e AB # BA,

OnAadY| Oev 10y Vel otor moAamAaciaoud mvdkwy n avtipetaetikn 1016tnTa.

To ywoueva AB xow BA 6yt uévo dev elvon (oo 671 yeviny nepintwon ahhd
evoéyeTan vo uny opiCovtan xat ta 500 1 vor opllovton ahAd vor €y ouv BLapoRETIXES
OLooTAOELC.
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IMapddetypa 3-1

IMa toug mivaxec

2 4 1 6
Yo elvon
o= [1 8] a2 3]
[
IMopdderypo 3-2
[N toug mivaxec
a[33] e ne 22 0]
Yo elvon a5 13
AB = [8 34 14}
eve) To BA dev opiletan. [ |

IMapddetypa 3-3

Avapépinxe mapamdve To Yvouevo
[3 ~5 —6} I_g _{4—69]
4 1 8 5 5 45 34

Av ahhd&oupe TN OERd TWY TIVAXWY TO YIVOUEVO Va elvor €vag Tivoxag 3 X 3:

7 -3 9 —38 —66
1 6 {i _i’ _g} = | 27 1 42
2 5 26 -5 28

Eneldy) otov ToAamhacLooud Tvexwy Bev Loy Vel 1) avTIETOHETIX WOLOTN T
KATO1ES YWWOITES TAUTOTNTES TOU 10)Uouvy Ve apiduols oagpoporolovytal atny
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mepinTwon mvdkwr. O cwotdg TOTOC Yio To TETEAYWVO Vg adpolouatog, Yo
ToEdOELY UL, efvan
(A+B)>=A>+ AB+ BA+ B*. (3.7)
[ tov avdotpopo €vds ywopévou mvdkwy 1oy Vel
(AB)" = BT A" . (3.8)

Oudétepo oTolyElo TOU TOAATAACIAOUOU TUVEXWY EvoL O HOVIBLILOC
mivaxag (3.3) : Tt évay tetparywvind (n x n) mivoxo A woyler 61t

A=Al =A . (3.9)
(Av o A Bev eivar tetporywvixds (etvon m X n) woybet 6t

I,A= AL =A) (3.10)

3.2.4 Avrtilotpogog mivaxag

Av yio évay tetpaywvixd (n x n) mivoxo A undpyer évog mivoxag B tétolog
MoTE

AB=BA=1,, (3.11)
o B ovoudleton avticTpopog tou A. YuuBoiilouue
B=A" (3.12)
xou hépe 6Tt o A ebvan artiotpentds (1 avtioteédiuog). Ou €xouue TOTE xa
A=B"1.

7’ Ve 7 / 4 Ié /7 ’

Evag nivoxag mou 0ev elvor avTloTpentog AyeTton LAl wY 1 LBLOUORYOg.
Av évag mivaxag A ebvon avtiotpentog Ya etvar to (Blo xan 0 avdcTEoPoS Tou

oL TOTE

(ATt =(AaHT (3.13)
[ Tov avtiotpogo €véS ywouévou mvdkwy oy UeL
(AB) ' =B1'A"!. (3.14)

Av évac nivoxac A stvor 2 X 2,

A— {an a12}

a21 A22

oy vouy Ta eCAC:
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o Elvow avtioTpentoc av 1oy Vel OTL
a11Q22 — Q21012 7’é 0.

O apriude autdg ovoudleton opilovoa tou mivaxar A xon cupPorileton |A|
(xe@dhano 5).

e O avtiotpogog mivaxdg tou Yo elvan toTE

Al ﬁ [ om o } | (3.15)
IMapdderypo 3-4
A 5 2
=[]
T0TE
|Al=5-2—-4-2=2 peeis A_lzé{_i _g] 5

OTOTE TEAYUALTL

L[5 271 2 —2] 1[20] _[10]_
A4 _{42}5{—4 5]_2 02| o 1] "

3.2.5 Avuvdpuelg mivaxa

Av évac mivoxag etvor TeTpaywvixog optlovton xou ol duvdues tou. Lo ma-
eddELY L

A' = AAAA  wan A= ATTATTATIAT = (AT

IMopdderypo 3-5

"Eotw o mivancac

31
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e v 2][1r2]_] 710
3403 4 15 22

p_[1 2] 7 10])_[37 54
T3 4|15 22 |8 118"

Tote

o

3.2.6 Awxymviol Tivaxeg

INa tovg dayddrviovs mivakes ta mpdypata elvar toAV amAd: Av (naipvovtog yio
TopddeLyUa 2 X 2 Tivaxeq)
. aq 0
A= [ 0 a :|
Yo etvan

AR = { (aé)k (a(i)k } wu Al = { 1/0“1 1/0a2 } . (3.16)

(Z‘mv TEP{MTWOT TOL €var amd ToL Blary VLo oTotyela elvor UNdeVixS o Tivoxag
dev elvar avtioteentoc.) Kat av

b0
p=1% 0

o Cllbl 0
TREAE o1m

T67T€

3.3 Ilitvaxeg xoun yeouixd CUCTAUATE

Kée yoopuixd obotnuo m xn uropet va Yewpniel we pla eglowon mivdxwy:

Az =10 (3.18)

o O mxn mivoxac A ovoudleton TVAXAS TOU CUCTHUATOG XOL TEPLEYEL
og x4¥e Ypouur TOU TOUG CGUVIEAECTEG TWV AYVOOTOY GTNV avTioTouym
elowon.

e O n x 1 nivaxag — oA
X
T2

=
I

T
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lvol TO BLAVUOUA TWY ALY VWOTWY TOU CUGTAUITOC.

e O m x 1 mivaxag — oThHAN

elvor T0 SLdvuoUa TwY oTAVERWY OpWYV TOU CUGTAUITOC.

IMapdderypo 3-6

[N to 3 x 4 cVotnua (2.2)

201 4+ w9 + 3x3 — 4dxy = 20
xry — T2 + T3 + T4 12
3371 + 21’2 + T3 —+ 2374 = 30

Yo ebvor:

N
I
W = DN
|
N —
— =W
—_

I8
I

IS
I
—_
N}

Yy evétno 6.3 Yo yenowonothoouue v (3.18) yioo v eniluon evéc
TETPUYWVIXOU CUCTAUNTOS PE TOV avTloTpo@o Tivaxa Tou A.



Kegdhawo 4

[Nooppuind cuotRuota: EniAuvon

4.1 H pé€dosdoc Gauss

Ye éva ypouud OO TNUA, Yo THEEdeYHa TO 3 X 3 oUC TN

1171 + a9 + ay3rs = by
9121 + G99xo + Ao3x3 = bo
a3121 + azeTo + azzrs = by,

oV GTOV TVOXA TOU GUC THUATOC,

11 aiz2 A3
Q21 Ag22 (23 )
a3; asz2 a33

TEOGVECOUNE WC ol ETMTAEOY GTAAY TO BLEVUOUN TV OTAVER®Y GPWVY TUlEVOUNE
Tov eNALENUEVO Tivaxa TOLU CLUC THUATOG:

a;; aiz aiz | b
Q21 Ag22 A23 by
as; asy ass | bs

Yy wédodo Gauss (1 uédodo anaropric Tou Gauss) e@apudloule GToV
enowénuévo mivoxo Tic 3 oTolyELmdels Tedielg Yeoupoy (XIIT):

1. Evahhoy?| twv 9€cewy 2 Yoouuoy Ty XaL Tj.
YuuPoAiloupe: 15 < 1y .

2. IMolamloolaouog pag yeouunc i (xdde ototyeiou tne) ue évay oprduo
A #£ 0.
YupPohiCoupe: 13 <= Arj.

23
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3. Ilpdoveon ota oTotyelor oG yeuupung Iy Twv avtioTolywy oTtotyelny ulog
GAANG Ypouuhc Ty (i # J) mou €yel toAhamhactaoTel Ye Evay apliuo.
YupPoAiloupe: 15 < 15 + Arj .

O mpdi&erc auTég avTIoTOLY0VV OE TEAEZELS OTIC EELOWOELS OV 00NYOUV GE Loo-
oUvapo clotnua. O oxonde Yag eivon va PEpoupe To GUCTNHA OE €V TETOLO
l0odUVaUO Tou o Tivoxde Tou Va ebval 0 XALUAXWTY) LOEYY, Yiatl TOTE
Yo Adveton ebxoha ue mpog T mow aviixatdotaon. ‘Evac mivoxag eivan oe

HNPOXWTT LOp@Y) OTAY

o oL undevixéc ypoppéc tou (av €yel tétoleg) Pploxovion dAec oTO AT
UEPOC TOU ol

e 0 087 Y6g (SnhadY T0 TEMTO Un UNdevixd oTolyelo) xdde un undevixic
Yeouuhc Beloxetar To aptoTERd amd TOV 081y TNG EMOUEVNG U1 UNOEVIXTC
Yeopunc.

H mo onuavtiny| and tg LI ebvon n tpltn. Tnyv yenowwonoodue yio var on-
ULOUPYOUUE UNBEVIXE XATw 0md TOUE 081 YoUS OE piar BLadixaciar Tou EEXVAEL amd
TV APLOTEPS Ko TTROYWEAEL TEOS To XTw o BeCLd, OTwe oTor TapadelyuaTo
0TI GUVEYELX.

4.1.1 Movadixr Aon

‘Otav éva cloTnua €yel ovadxny Ao, ue Ty egapuoyr NI otov apyixd
TOU EMAUENUEVO TVOXAL, XATUATYOUUE GE EVOLY XALUOXWTO TiVaXoL ToU €yel TOoOUg
00 y0Us do€s elvar kar o1 uetaPANTES (dyvwator) Tou auoTHUaTos.

[t mopdderypo €610 T0 GUC TN

x1—|—2x2+5x3:7

21 + To + 4dx3 =
31’1 + 21’2 + Trs3 = 3

(\V]

(4.1)

‘Eyouue:
12 5|7 1 2 5| 7
2 1 4|2 |2 0 -3 6|12
32 1|3 3 2 1| 3
1 2 5| 7 1 2 5| 7
el 3 —6|—12 | P57 o0 1 2] 4
0 —4 —14|—18 0 —4 —14|—18
12 5] 7
r3<—r3+4ro O 1 9 4
00 —6|-—2
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Twpa o mivaxag etvar xAoxwtog: O odnyoc 1 e Ing yeoupnc avtiotolyel
oTNV T, 0 00NY6C 1 TNE 21¢ Yeauuhe avTioTol el TNy Tz xo 0 001NYog —6 Tng
3nc yeouurc avuotoryel oty z3. O mivaxag autdg avtioTolyel 670 1l6od0OVaUOo
o)lopaylVicE

ry + 2.%2 + 5%3 = 7
T2 + 2563 = 4
— 6(133 = =2

And v tehevtala €€lowon aUTOL TOU GUGTARATOS £YOUNE UECHLS OTL

x3 = (—2)/(—6) = 1/3 xau ye oavTxatdoTooN TEOS ToL THOW G TIC TOEATAVe EEL-
otoelg Pploxouvye zo = 10/3 xou 21 = —4/3. H yovadxi Aor tou cucthpotog
elvor Aoty 1

T —4/3
x| = | 10/3
XT3 1/3

‘Eyouue €8¢ 10 Odvvopa Uéong evog onpeiov oTov Yweo TwV 3 BlaoTACEWY.
Auto elvon o onpeio Toung TV 3 EMTEDKY TOL TEPLYEAPOVTUL ATt6 TIE EELOWOELS
TOU GUOTAUATOG.

(2 deldTepo mopddeLryUa ag TdpouuE To axdiouto 4 X 4 chotnuo:

dxy + 2x9 + x; = 9
3rv1 — 39 — T3 — x4 = 7
—r1 + 31y + x3 + 214 = —4 (4.2)
2£L'1 - To + X3 = 0
‘Eyouye:
4 2 0 1 9 —1 3 1 2| —4
3 -3 -1 —-1| 7 riets 3 -3 -1 —-1| 7
—1 3 1 21 —4 4 2 0 1 9
-1 1 0| O 2 -1 1 0| O
ey [ 181 2] ~1 3 1 2|-4
Aot |00 62 5] =5 | negn |0 :sl-s
0 14 4 9|7 0 14 4 9| —7
0 53 4]-8 0 5 3 4|-8
-1 3 1 2| —4 vy iy ~1 3 1 2 —4
TT34tT7§41154:22 1 % % o % :ﬁi 06 2 i =5
0 _% _% % 0 0 —4 —-16| 28
8 1 23 00 8 —1|-23
00 § —51-%
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-1 3 1 2|4
r4—T4+42r3 0 6 2 5| =5
0 0 —4 —-16| 28

00 0 =33]| 33

‘Eyouue 4 0dnyolc, 660UC XaL Ay VOGTOUS, XUl ETOUEVKS TO GUG TN EYEL HO-
vooux| Aoor. H dradwacio tng mpog ta mlow avtixatdotaong €yel ws e€hg:
H teheutaia e&iowon tou 10odUVAUOU GUGTHUNTOS YA BlveL:

zy=—1
Avtiohotolue otny 31 e€lowon to x4:
—Ar3+16=28 = z3=-3
Avtixadiotolue oty 2n e&lowon o x4 xou T3
6y —6—5=—-5 = z9=1
Ko téhog avtixathotolye otny 1n eiowon ta o4, T3 %o Ty:
—r1+3—-3-2=—-4 = ;=2

H Adon tou cuctiuatog eivon EToUEVKC 1|

X1 2
i) . 1
I3 N -3
Ty —1

Auto ebvar to Bidvuoua Véong evoc onueiou otov (Lodnuotied) yweo twy 4
OLUOTUCEWY.

4.1.2 'Arneipec Adoeig

‘Otav éva Vo tnua éyel dnelpeg ADoELG, Ue TNy eqapuoyt L1 otov apyixd
ETOUENUEVO TEVOXOL, XOTOATYOUUE OE €Vay XAUAXWTO TTiVoXaL Tou €yl ATyoTepous
00N)y0US amé TS HETAPANTES TOU TUOTHUATOS, €V dev uag dOiver kapia advatn
eSlowon.

Or petofSAntéc oTic omoleg avTioTotyoly 0dnyol ovoudloviu PAoIXES (he-
ToPBANTES, eVK AUTEC OTIC OTolES BEV VT TOLY 00V 0010l ovopudlovial EAED-
Vepeg LETABANTEG xou Ypnotuonoolvial k¢ TapdieTteot. O napductoot
UTOEOUV VoL TEPOUY OTIOIEGONTOTE TYIES XAl CUVORTHOEL AUTWY EXPEALOVTOL OL
Boaowéc petoSAnTéC.
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o mopdderypa, Yo To Lo TN

2]71 + To + 3LU3 = 6
Ty + To + 21’3 = 2 (43)
4ZE1 + 31‘2 + 713 = 10
€Y OUE:
21 3|6 1 1 2| 2
1122 |™ |21 3|6
4 3 7|10 4 3 71|10
1 1 21 2 1 1 212
g o1 1] 2 | ST o -1 —1 2
4 3 7110 0 -1 —-1]|2
1 2
2

2
ST —1 ~1

0 0 00

BAgnouye 6Tt oL 71 xou T elvon Bacinég PETUBANTES AoV GE AUTEC AVTLOTOLY OV
ot oonyol 1 xau —1. T v 23 0ev undpyel avtioTolyog 0dnyos. Eivou emo-
UEVODC EAE0UERT UETOBANTH %ol TNV YENOUWOTOLUUE W TURAUETEO (pnopo()ps
VO TNV OVOUAOOUUE t). O dmelpeg AJOELS, OIS TEOXUTTOLY UE TEOG To Tow
AVTIXATAC TACT) 0TO avTioToLY0 oUGTNUA, divovTon and TIC OYECELS

r, = —t+ 4
Ty = —t—2
Tr3 = t

ue t € R. Autéc ebvan o mapauetpikés efiowoes g evleiag otny omola
TéuvovTal Tor 3 emimedo Tou TMEPLYPAPOVTAL antd TI EELOWOELS TOL GUOC THUATOC.
Me Sravuopotind cuyfolioud or hoewg ebvan:

I —1 4
T3 1 0

Auth n éxgpoon Mue ot ebvar 1 YEVIXY) ADGT Tou cuoThpatos. Tohpa éyouue
™V Tapapetpixt) owavvopatiky e€iowon g evbeiag. H eiowon auty| pog Aéet
611 1 evdela mepvder amd To onuelo pe Bidvuoua Véong to (4, —2,0) xou elvou
ToEdAANAN pe to Bidvuopo (—1, —1,1).
Fevind:
o Av 1 Aoon evoc GUOTAUATOC TEPIEYEL Np TOEAUUETEOUS (BNAADH HE TNV
enfAuon Tou cucTAUaTog €youv TeoxiPeL ny ehebiepes uetofPAntéc) Va
AVTLO TOLYEL O TIC TUPUUETEIXES ECIOMOEL EVOC UTERETLTEDOU DLAC TN g
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270 eMOUEVO ToEABEYUa 1) YEVIXY| AUoTr Ja meplEyel 2 ehellepeg mopo-
UETEOUC!

T + 2372 + 5373 = 3
—2x7 — 4x9 — 1023 = —6 (4.4)
71‘1 -+ 141‘2 -+ 351‘3 = 21
"Eyouue oty ovola tv Bl e€lowon 3 @opéc xou malpvouye:
1 2 5 3 ToTo+27] 1 2 5 3
—2 —4 —10]-6 | =510 0 00
7 14 35| 21 0 0 0f0

O pévog 0dnyodg mou €youue, o 1, avtiotoyel oty x;. IHadpvouye, emougvag,
TIC To XU T3 WS EAEVUEQEC TOPUUETEOUC Xat 0VOUdLoVTAC TEC s xou t avTioTolyo
€YOLUE TIC dmeLpec MNOOEIC:

Ty = —28s—5t+3
To =
r3 = t
yioo xde Cebyog mporyaTiay oprduoy s xon t. Autéc elvan ol mapapeTpikég

ebovoeag tov emmédov Ty + 29 + Srz = 3. H yevixny Aoon tou cucthuatog
elvon 1 Tapapetpikr) dwavvouatiky e€lowon Tov emmédou auTo :

T —2 -5 3
Ty | =8 ]+t O(+10
Z3 0 1 0

H eliowon auth) yoc Aéel 6Tt T0 eminedd pog elvor TapdhAnAo Pe aUTO TOU
opileton and ta Swaviopata (—2,1,0) xou (—=5,0,1) xou nepvder and to onueio
ue dévuoua Yéong to (3,0,0).

4.1.3 Koplo Aomn

‘Otav éva obhotnua dev €yel xorlat ANoom, ue v eqapuoyt NI otov apyt-
%6 emauinuévo mivaxa, Tolpvoupe évay Tivoxo Tou avTioTolEl o€ oUoTNUa e
touddyotor pia adtvatn ebiowon. o Topddelypa, yio T0 cUC TN

211 + To + 3ZE3 = 6
rTT + Ty + 213 = 2 (4.5)
4r1 4+ 3z9 + Txs = 4

€Y OUE:

I L )
W = =
N NN W
=N O
3
I
A
V)
=N
W~
N W N
= O N
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1 1 2]2 1 1 2] 2
Il g 1 12 | ST Lo -1 -1 2
4 3 74 0 -1 —1|—4

1 1 2] 2

R N e N

0 0 0|-2

H tehevtala ypouur| avtiototyel otny adivatn eiowon
05(71 + 0.172 + OZL‘3 = -2

XL CUVETWS TO GLOTNUA Elvon adUVATO.

4.1.4 XUOoTAUATA UE M F# N

H pédodoc Gauss eqopudleton pe tov (610 TpOTO OE CUCTAUATO M X 1 UE
OLoPOEETNO aPLIUS EELOMOEWY ATO oY VG TOUG.
[o to cVotnua 3 x 2

Ty + 21’2 =1
S5r1 + 4dxy = 7
€Y OUUE:

1 2|1 | rgerg—ar | 1 201
2 13| "= o —3]1
5 417 0 —6]2

1 211

7’3(—&27‘2 O _3 1

0 010

BAénouye otL oL odnyol ebvon 2, dooL xou oL dyvewotol xou 1 Teltn yeouur| el
undeviotel oAoxAnen. To clotnua emopévewg €yel povadixr] AUor, Tou TNV
Beloxouye Ye mpog To Tow avTxaTdoTUoN:

5 1
Ty = = Ty = —=
173 2 3

[o o cbotnua 2 x 3

T, + 4[E2 - 31}3 = 10

4£E1 — 2352 + r3 = 8 <47)



30 KEDPAAAIO 4. TPAMMIKA XYY THMATA: EITIINYXH
€Y OUE:

1 4 -3110 ra¢oradry 1 4 -3 10

4 =2 1] 8 0 —18 13| -32

O odnyol 1 xou —18 avtioTtoryoly otig 1 xat To. H 23 etvon ehebepn petoSAnty
xan TNV Vé€Toude (o e . Me avtixatdotoon and xdtw mpog T tdve Peloxouue

zs = —(13/18)t+16/9
z1 = —(53/9)t +26/9

v xdde t € R. To cbotrue dev Yo umopolce va €yel Lovadixh Ao, agol o
autd Yo yeewdlovtay 3 odnyol (doot ol dyvwoTot) evéd oL ypouués (e€lotaoelc)
elvon povo 2. 'Etol, and 1o mopddelyua autd, CUUTERUIVOUUE YEVIXE Twe dTay
o1 dyvwotor elvar teproodrepor and s eCiodoeg (m < n):

e ov 10 cUoTNUa dev elvan adlvato Yo €yel dnelpe AUOELS,

e ov 10 cUoTnua ebvar ogoyevég Va €yel dmelpeg AooeLC.

4.2 H pé€dodog Gauss — Jordan

Av éyovtag @épel Tov Tivaxo TOU UG THUNTOS OE XAUAXWTY HOop@T) cuVEYICOUL-
ue pe XTI, amd %dtew mpog To Tve T, YLo Vo ONULORYCOUUE UNOEVIXS Xou
Tave amd TNV xOpla dtorywwvio, eqapudéloude Ty pédodo Gauss — Jordan pe
OXOTO VO TUPOUUE TOV AVNYILEVO XALUAXWTO TV TOU GUOTAUATOC.
Avutoc eivan évag mivoxag yia Tov omolo Woybouv ta oxdhouda:

o Eivou xhpoxoToc.
e ‘Olot oL 0dnyol eivon (ool pe 1.

e O 0dnyog xdle yoouuhc lvon T0 UOVO un pndevixd oTotyelo Tng oTHANG
Tou.

'Etot, 610 nponyoluevo mopdderypo Tou cuo Thdatoc (4.1) ye yovodxh Ao
1 cuvéyela Yo ebvou:

1257 . [125]7
01 204|301 2/4
00 3|1 00 1|3

ﬁ

(V)

+

4

V)

|

[\~]

3

w
o O =
O =N
—_— O Ot
wim w5 =]

5

=

+

4

3

|

ot

3

w
o =N
— O O
S
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O Wik

r14-r1—2r2
—

o = O
= o O
=

1
0
0

L= wl

KotoahfZope otov avnypévo xhipoxwtd mivaxa o omolog yog divel auéoms T
Moo (-4/3, 10/3, 1/3) tou cucthuatoc.

270 TOPADELY A TOU GUC THHUATOG (4.3) UE TIC AMELPEC AUOELS £YOUUE YLoL 1)
CUVEYELOL:

2 1 3| 6 2 0 2] 8
01 1]—2 ™5™ 101 1|-2
00 0] 0 00 0| 0
10 1] 4
7’1<—§T1
200 1 1]-2
00 0| 0

O avnyuévog XAUoxwTOC Tivaxag looBUVOUE! ETOPEVLS UE TO GUC TN

T + 5173:4
JZ2+$3:—2’

6oL BLa3AOVUE AUECHC TIC TAUPUUETEIXES ADOELC TIOU ELYOUE X0 TEOTYOUUEVHC.

4.3 T'poppolcoddvoupol nivoaxeg

‘Otav évag mivaxog B propel vo tpoxOer and évav mivoxoa A pe pa oeipd and
YT Aépe 611 oL BVo Tivoxeg ebvan YR AU OTC 0B UVLOL.

Ou tpewc XTI ebvon avtiotpentéc npdéeic. (H r; <= 7y + Arj Ay avuoteé-
geton omd Y 1 — 1r; — Arj.) ‘Etol n ypoppoicoduvapia elvon avoxdhootix,
CLPPETEW X peTaPBatiny, etvon dnAady| oyéorn tooduvapiog: A ~ B. To clvo-
Ao TwV TVexwV dlauepiletan ETOPEVWS O XAAGELS LooBUVOLaC (svémw 1.1.2).

Ioybouv tor axdrouvdas:

o O »A\poxwtoc ypoppoicodivouog evog mivoxo dev efvar povodixoc. (E-
Eaptdton omd to and moeg axpiBne XIIIN éyel mpoxiiet.)

o O avnypEVOS XAUOXOWTOS YRUUUOICOOLYVAUOG EVOS Tivona eivor LOVadIXOG.

o O avnyuévog xhoxwTtog mivaxag mou avtioTolyel oe Eva n X n cUGTNHUIA
UE povadixy Ao etvon o I,.
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4.4 Td&&n mivoxa

‘Otav €youpe evav mivoxa A xow TdEOUUE EVay lGOBUVIHO XAUOXWTO Thvoxd, o
oELIUOC TOV 1) UNDEVIXMY YRUUUMY TOL TEAELTAlOL ovoudleTon TAEY) Tou A xou
oupPoriletan rank(A). (O A unopel va €yel ToAR0UE 1GOBOUVAUOUS XALUOXWTOUE
Tvoxeg, Ohot buwe Yo €youv Tov (Bl apriud N undevixwmy YEOUUOV. )

Mo tov mtivaar Tou cvotiuatog (4.1) éyouue rank(A) = 3 xau yr autodV
Tou ouothuatog (4.3) rank(A) = 2.

‘Onwe eldaye ota mporyolueva, ot éva cOoTNU Tou €yel AICELS

e 0 apuiude TV Bactnoy YeTaBANTOY Tou elvon (0og e Tov aptiud Twy un
UNOEVIXMY YROUUODY TOU avT{GTOLY0U XhdaxwTol Ttivaxa (apol oe autég
TUC YPOUMES OVTIOTOLYOVUY 08NYOl), EVE

e 0 aptiude TV EAeVEPKY TOPAUETEWY TV ANCEWY (1) elvan iooc e Tov
aprlud TV UETUBANTOY O0TIC 0Toleg BEV AvTIGTOLYOUY 0BT OL.

Ioylel enopévwe, Yo éva choTnuo m X n, 1 oyéon:
rank(A) +ny=n (4.8)
‘Etou
e To 3 x 3 cbotnua (4.1) dev eiye xapia ehebiepn napduetpo:
ng=n—rank(A) =3-3=0

To 4 x 4 cbotnua (4.2) dev elye xayio ehetdepn Tapduetpo:
ng=n—rank(A)=4—-4=0

To 3 x 3 obotnua (4.3) eiye 1 ehetiepn nopduetpo:
ny=n—rank(A)=3-2=1

To 3 x 3 cbotnua (4.4) eiye 2 eheddepec Topapétpouc:
ng=mn—rank(A)=3—-1=2

To 3 x 2 obotnua (4.6) Bev elye xaula ehedlepn napduetpo:
ng=mn—rank(A)=2-2=0

To 2 x 3 obotnua (4.7) eiye 1 ehedepn napduetpo:
ng=mn—rank(A)=3—-2=1



Kegpdhawo 5

Optlovocecg

5.1 Opilovoa mivaxa

Ye xdde n x n mivaxa A avtiotoryel évag apriude tou ovoudletar opifovoa
tou A xou cupPolileton |A| # det(A).

o [on = 2 ebvou:
aix a2

= 11022 — A21012 (5.1)
Q21 A22

o ['oon=3:

a1; Qa2 Qi3
a21 A2z A3 = (11022033 — Q11023032 + 412023031
a31 asz G33

— (12021033 + G13021G32 — Q13022031 (5.2)

IMapdderypa 5-1

2 -8
’5 - ‘—2-7—5(—8)—54
[}
1 3 2
2 46| = 1-4-7-1-6-5+3-6-1
15 7

3:2-74+2-2-5-2-4-1
= 28—30+4+18—-42+20-38
= —14

33
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O yewixdg tomog yio Tuyako n dev elvon ebypnotoc. OUTe duwe xon o u-
Tohoytlopog Uog 3 X 3 oplloucag Ue Tov TUTO 5.2, 6w GTO ToEAdELYUa, Efval
Bohxodg xon tar mpdrypatar yivovton TOhD yeledTEpa Yot HEYORDTEQY M. DTNV
TEAEN, av €youue optlovoa peyalitepn and 2 X 2 tnv unohoyilouue

e cite avanTOoCOVTAS TNV xotd plar ypouur| 1 wio oThAT

® c{Te YPNOWOTOLOVTIC TIC WOLOTNTES TV 0plloUCHY.

5.2 Avdérntuypa opllovoag

[ vor avamto€oupe pior optlouoa xatd plo yeouun ¢ () otihn j) molamho-
owdloupe xde otoryeio a;; avthc e yeauuhc (H othing) pe to ahyeBpixd
CLUTA P WU Tou A;; xou TEOGVETOVUE Tol YIVOUEVAL:

|A| = aﬂAil + aiQAZ‘Q + ...+ amAm (53)

(|A| = alelj + CLQjAQj + ...+ anjAnj) (54)

To olyeBeind cuunifpwua A;; eivan ioo ye ty (n—1) X (n — 1) urtoopiou-
oo M;;, mou mpoxOTTEL and TNV apy x| oy SlayedouUE TIC YRUUUES © o F,
roMamhactaopévn ent Tov Tapdyovta (—1)1:

Ajj = (=)™ My (5.5)

(IHpoooyh oo alpPora:  A;j eivar 10 ahyefpixd ouUTAhpwU ToL GTotyElou
a;; Tou mivoxor A, evey (A);; elvon dhhog oupPBoliouds yio o Blo 1o a;5.) O
rapdyovrog (—1)" ebvon {ooc pe 1y to Ayg xon evedhdoeton PeTall v 1
xou —1 xdde popd mou ahhdlel 1) yeauuy| 1 1 OTANY. Lynuotind, yioe n = 3 xou
n =4

+ - + -

-+ - +

+ - + -

-+ - +
'Etol malpvouue ol TpdoTUa TOU TEETEL VoL UTOLY UTEO0TE amd TIg avTioTOLYES
uTo0pIloVoES Yial Vo UTOAOYICOUUE Tar avTioTOL oL AhYEBEIXG CUUTANPOUATOL.

ITopddetypa 5-2

Avarntiocoupe v 3 X 3 opilouca Tou mapadelyuatog 5-1 xatd TNV BedTEEN
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Y pou:
1 3 2
24 6| = 2.(-1)|° 2|44t 26|t ?
5 7 17 15
157
= —2.1144-5-6-2
= —-224+20—-12
- _14

Ev®, av v avamtOEoude xatd Ty Te®Tn OTAAT, €YOUUE:

1 3 2
4 6 3 2 3 2
2 46| = ‘ ‘+2-(—1)’ ’—l—‘ ‘
15 7 5 7 5 7 4 6
= —2—-2-11410
= —14
H
IMopddetypo 5-3
1 -6 4
3 -9 2 -9 2 3
2 3 -9 = 1‘ ‘+(—6)(—1)‘ ‘+4’ ‘
3 12 5 125 -8 5 -8 12
= 1-1234+6-(—62)+4-48
= —57
H

5.3 T'sopetpxn cpunvela tng optlovoag

e To gpfaddv Tou mapaAAnAoyedupou Tou optleton amd 2 dlavicHo-
o a = (a1, as) xou b = (by,be), otov diddoTato yweo R?, etvan (oo ue
TNV améAuTy Ty TNg opiloucac mou oy NuatilETon amd TIC CUVTETOYUEVES
TWV OLIVUCUATOY oUTOV:

a; b

S=|D|, oémouv D=
Q9 bQ

(5.6)
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O 6yxog Tou mapaAANAETITESOL oL oplleTon amd 3 BtaviopaTa
a = (

ar,as,az), b = (by,ba,b3) xou ¢ = (c1,¢2,¢3), OTOV TEIOOAOTATO
xeo R, ebvon {ooc pe v amdiutn Tiuh e opilovouc mou oynuatiletor
OO TIC CUVTETAYHEVES TWV OLUVUOUATOY QUTMV:

aq b1 C1
V =|D|, é6nmou D=1|ay by c (5.7)
az by c3

e ['evixd, 0 6Y*x0g TOU N-BLACTATOL TAPAAANAETULTESOL TOU Opi-

5.4

Ceton amd n Brovbopoto oTic 1 dlaotdoee (yopog R™) diveton and v
omoAUTH T TNE N X N 0pifoVoAg TWV GUVTETAYUEVKDY TOUC.

I6totTNnTES Mot uTOAOYLoPOS o0plloVa WV

And ) yewuetpy| epunveia tne optlouvcag cuvyovTot EUXONN Ol TEPLIOCOTERES
omo TG IOTNTES TKV 0pLlOUCWYV:

1.
2.
3.

Av pio opilovoo |A] €yer po undevinr| ypauur tote |A| = 0.
Av wa optlovoa €yel b0 ypoupés dieg etvan {on e 0.

Av 800 ypouuéc wag optlovoag arrdZouy Véorn uetalh Toug
(r; <> 1) 1 opilouvoo ahhdler mpdonuo (|A| < —|A]).

Av 6l ta oToryela pog ypouunc W 0pillouco TOAATAAGIACTOOY UE
évay oprduo (r; < Ar;) 1 opllouoa tolhomhactdletar pe autdy Tov aprdud
(JA] <= AJA]).

. Av oe pio ypouur woc optloucac tpootécoupe (ototyeio Tpoc otolyelo)

éva ToAamhdoto yog dng yeauuic (r; <= r; + Ary) n opillouca dev
CINN&N

. Av T oTouyela pog yeauuc uoc opiCoucag elvon adpolouato 500 dpwv 1

optlovou etvar {on pe To ddpoloua Twv 800 avticTolywy optlovony. IL.y.
vt opilouoeg 2 X 2 €youue

! !
ap Qo

bi by

a; + CLll as + CL/2
b bo

ay ag

bi by

H opiCouca mov oynuatileton and o povadaio davioupata otov R,
onAadY| 1 opiCouca Tou povadlafou mivaxa Iy, elvon (on e TN povdda:

L] =1. (5.8)
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8. H opiCouca evoc diorydhviou mivaxa gtvor (01 UE TO YIVOUEVO TwV GTOLYEWY
¢ dLorywviou Tou.

9. H optlouca evidc tprywvixol (dve 1 xdtw) mivoxa etvon (o1 Ye To YIVOUEVO
TV GTOLYElWY TNE dLarywviou Tou.

‘O, avapepeTon 0TA TUPAUTAVL TWE LOYVEL YLl TIC YEUUUES LOYUEL XOL Yol TIG
oTHAeC Wiog opiloucac.

Xpnowomnowwvtog Ti¢ WwotnTeg autés plo opllovoa umopel va petatpanel oe
TELY WVLXTY] LOPYY] Xl VoL UTOAOYIG TEl TOTE UUECKC 1 TO YIVOUEVO TOV GTOL-
Yelowv tng dlrywviou tne. H dwdwacio avtiotoryel ue autAv mou egopudlovue
YLOL VOU PEQOUNE EVa THivaxal O€ XAUOXTY) LopgY|. BAEnouue edw Tig tpeig XIIT
oTig WioTNTe 3, 4 xau 5. Ye avtideon pe v ooduvapio TVEXWY €06 TEETEL
va Tpoc€€ouue 6Tt wovo 1 teitn LI 6ev ahhdler tnv Ty pag opllovooc.

IMapddeyuo 5-4

[ v opiCouca Tou mapadelyyatog 5-1 €youye:

1 3 2 1 3 2 1 3 2
2 46|=|0 -2 2|=|0 -2 2|=1(-2)7T=-14
1 57 0 25 0 07

(To mpdhto Bhua éytve pe tic LI ry <= ry — 21y xaw 13 <= 73 — 71 EVO TO
0eVTERO UE TNV T3 <— T3 + T3.) |

IMopddetyuo 5-5

951 0 4 1214 1 2 1 4
1214 2104 |0 -3 -2 —4
0322 ~ 213370 -3 1 -5
5 1 3 3 03 2 2 0 3 2 2

1 2 1 4

0 -3 -2 4

= lo o 3 1|71
0 0 0 -2

(To mpto Bripa €yive pe tic XIII 71 4 ro xow 73 > 14 xou T 800 oEVNTIXS
Tpdanuo Tou Tpoéxuday oAAnhoeZoudeTepinXay. ) u
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Evdéyeton vor un yeetdleton Voo PTACOUUE OTNY TELYWVIXY UOPQT] UAS O-
eiCouoag adAd var pog apxel vor €youpe Wio yeauuy| 1 oTHAN TNG KE €val UOVO U
UNdEVIXG GToLYElD Yiot vor UTOAOYIGOUPE TNV 0pllouca e avATTUEN AT UTAY

™ Yeoppn 1 oThAN.
IMapddetyuo 5-6

2t0 Topdderypa 5-4 e o TpwTOo Priua elyoue
1 3 2
0 —2 2
0 25

xan 1 Ty e oplCoucac Unopoloe Vo UTOAOYLOTEL AUECWE UE AVATTUYUO AT

TNV TEOTN GTAAN:

-2 2
1‘ 9 5‘_—14

Ye oyon e TIC TRAEEIC TIVAXWY Loy VoLV Ta axdhouda (ov A, B eivou mivoxeg
nXxmn):

|AT] = |A] (5.9)

[ ]
AA| = A" [A] (5.10)

[ ]
AB| = 4| |B] (5.11)

[
A= & (5.12)

|A|

(T v tehevtaio 8OTATO 0 A TEETeL Vo Efvon ovTIOTEETTOC. )

IMapdderypa 5-7

Y10 mopddeypa 3-1 etyaue Toug mivoxeg:

15 2 5 7 35 12 30
AZ{QZL] B_{16] AB_[834} BA_[1329}
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Ov avtioToryeg opilovoeg eivan

Al =4-2-5=—6 B|=2-6-5=7
|AB| =7-34— 835 = —42 [BA| = 1229 — 1330 = —42
xou BAémoupe 6Tt ot [AB| xou |[BA| enakndedouy tny (5.11). o

IMopdderyuo 5-8

Y10 mopddelypa 3-4 etyaue Toug Tivoxeg

52 L1 2 =27 [ 1 -1
A_[ZL 2} o A _5{—4 5}_[—2 5/2}'

‘Eyoupe:

[Al=2 e |A7 = (5/2) - (=2)(-1) = 1/2=1/|4]

5.5 Ernllvorn cuvotruatog pe opilovoeg

[ va oo TNUa 1 X 1 UE LOVABWXT) AVGT) O AVIYHEVOS XAYOXWTOS Tiivaag efvan
o I, (evotnua 4.2). Me v dieg XIII" unopel vo unohoytotel xar 1 optlouca
Tou Tivoxa Tou cuoTAuatog. H tedeutaio emopévene elvon €var un undevixd noi-
Aamadoto e |1,]. (Av éyer yenowornowmbel uévo n teitn LI ebvor oxpBede
fonue mv |1,] = 1.) Av 10 clotnuo dev éyet povadixr Ao xdide xhoxwtdg
mivadig Tou Yo €yel plar TouAdyloTov undevixt| Yeouur. Eyouue étol to e&hg
péelhujlello}

o 'Bvo cbotnua n x n éyel povadikn Aon, av xou u6évo av yia tnv opllovoa

D 7ou mivoxd tou oy el

D #0 (5.13)
Yy meplntwon auth| Evay EVUAAIXTIXG TEOTO eTIAUCTIC TOU CUCTANATOC
Az =10

uog divel o xaevévag tou Cramer:

T ==, (5.14)

SIS

OTOU
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i D:|A’7

7 7 4 7 7 .
e D, n optlouca mou mpoxintel and v |A| av avixatactadel n oAk i
am6 TN oTHAN b.

ITopddetyua 5-9

Y10 mpddTo mapddetypa e evotntog 4.1.1 (cbotnua 3 X 3 ue povodxr| hion)
elvow:

1 25 7
A=121 4 , b= 2
3 21 3

"o tov unohoytopd e D = |A| unopolue va Tépoule Tov 1ood0UVAUO UE TOV
A ypoxwTté Tivaxo Tou elye mpoxUeL:

1 2 5
01 2
0 0 —6

Kotd mnv duaduxacta tne ebpeoric Tou 1 wovn and tic XIITN mou ahhdler tny Ty
¢ opiCouoag etvon 1) 79 < _%TQ, 1 omola Yl Tov UTohoyioUd Tng opilovcoug
onuaiver ovolaoTixd 6Tt Bydloude and TN SEVTEPT YEOUUT XOWVO TORAYOVTOL TO
—3. Emopévwc:

1 2 5
D=(=-3)|0 1 2|1 =18
0 0 —6
[ tic dAAeg opllouoeg €youpe:
7 25
1 4 2 4 2 1
D=2 1 4 :7‘21'+2-(_1)‘31‘+5’32‘
3 1
= 7(=7)—2(-10)+5-1
= —24
1 75
Dy=|2 24| = |2 a7 =2 45|22
33 ] 31 3 1 3 3

(—10) — 7(—=10) +5-0
60
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1 27
Dy=|2 1 2| = ‘; §‘+2-(—1)‘§
3 2 3
—1-2-0+7-1
6
H (5.14) topa pog Eavadiver Tic Aoeic:
Dy 24 4 Dy 60 10
TTD TR T3 T D T3

2
2

2
1)
Ds

D

N =

41
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Kegpdhowo 6

Y roAoyiouol avTicTpopou

Ttivooeo

6.1 Ymnohoyiopog pe TN ueVosdo

Gauss — Jordan

Av o mivaxog X etvan o avtiotpopog tou A Yu 1oy el

@11 Aaiz2 Gi3
Q21 A22 A3
a31 daz2 G33

T11 T12 T13
To1 T2 T23 =
xr31 T32 T33

O O =
O = O
_ o O

(ov mpoupe Yo Topddetyua Tivaxes 3 X 3).
‘Etot 6nog yivetow 0 ToAATAAGLIOUOEC TWVAXWY 1) TEOTN OTHAT TOU UOVa-
otadou mivaor TEOXOTTEL amd TOV TOAAUTAAGIAOUS TOu A UE TNV TEMOTN OTHAN

Tou X:
ail aig
ag1 A2
azyp ass

7’ 7. / 7

Exoups €00 éva oLCTNUO IOV

ais x11 1
ag3 T21 = 0
ass T31 0

ol Aoelg Tou ebvar Tar oTolyelo TG TEMTNG

othing tou X. To aviictorya duwe toydouy xat yio Tig dhheg oThieg Tou X.
[No va mpoodlopicouye, enouévng, oha ta otovyela Tou X mpenel va Abcoupe
Tplot ouoTALTE TOL Gha €youy Tov (Blo Tivaxa (tov A) xau dtapoponolovvToL
ot 6e€ld oTAAN Tou emaEnuévou Toug, N omola efvan 1 avtioToyn x&E Po-
ed oThAN Tou povadialou. Mropolue vo Abcouue xou o Telar auTd CUC THUNTY
walt yenowomowwvtac Ty puéodo Gauss — Jordan e tov toimAd enavénuévo

Tivaka:
a1
21
a31

12 Q13 1 00
929 A923 010
aszo as33 0 0 1
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e Av, 670 Téhog Tng Bradcaciog, TeoxEL 6To aploTERS UEPOg O UovadLalog
nivacac oto del Yo etvon o AL

o Av, xotd tn Swdxacio, TEoXOPEL UNSEVIXT YROUUT OTO OPIOTERS UEPOS
ornuotver 6Tt 0 A dev elvon avTIoTEETTOC.

IMapddertyua 6-1

"o tov mivoxar Tou ouothAuoatog (4.1) e 4.1.1

1 2 5
A=12 1 4
3 21
€Y OUE:
1 2 5(1 00 1 2 5 1 00
21 4/01 0|—/0 -3 —-6/—-210
32 1/0 01 0 -4 —-14|-3 0 1
1 2 5 1 00 1 2 1 00
2 1 2 1
1 4
—4 —14| -3 01 00 —6|—35 —3 1
13 20 5
1 2 5|1 0 0 L 20| —% e
2 1 10 14 2
4 4
0 01 % 5 —% 0 01 1—18 5 —%
7 8 1
1 0 0|—15 5 5
10 14 2
4
001 % 1§ —3
Enopévwe o avtiotpogoc mivoxag efvon o
1 -7 8 3
A‘1:1—8 10 —14 6
1 4 -3
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6.2 Ymnolhoy.opog PUE TOV TEOCARTNIEVO Til-
VO

O npoocaptnuévog (| ouvaprc) tivaxac adjA evoc TeTpaywVIXoL Tivo-
xo A mpoxUntel av ot Véon xde ototyelou a;; Bdhouue to ahyePpd Tou
ouuTANpoUo A;; xou UETE TEPOUUE TOV avaG TEOMO Tvoxa:

All A21 A31
CLde = A12 AQQ A32 (61)
A13 A23 A33

(E8& o A ebvan yior mopdderypo 3 x 3.)
Av tolMamhacidoouye Tov A pe tov adj A nolpvouye:

11 aiz2 A3 An A21 A31 |A| 0 0
Q21 Q22 A3 A12 A22 A32 = 0 |A| 0
a3; daz2 G33 Az Axy Asg 0 0 ’A|

To Srorydovia yvdueva tpoximtouy (oo pe |A| yrotl ebvan axpiBide tor avormtiy-
pota g opiCouoag xatd Tig TeEl Yeauuée Tne. To un dlorywwvia etvan undevixd
eMELDY) amoTeAOUV avamTOYpaTa 0ptloucny e 600 Ypouués ioeg. ‘Eyouue étol
OUCLACTIXS €vary TUTO Ylal TOV UTOAOYLOUS Tou avTioTpogou mivaxa:

1
Al = Wade (6.2)

Loy ber ot
o 'BEvoc tetpaywvindg mivaxoc A elvor avTioTpentos oy xou HOvo ov:

Al #0 (6.3)
(Xtnv meplntwon émou n = 2 o timog (6.2) pog diver tov (3.15):

A1 1 [ 22 —G12}

- W —a21 a1l

E86 ot unoopilouceg, TOL YENOWOTOUVTOL VLo TOV UTOAOYIOUS TwV alyeBpl-
XDV CUUTANEWUATOY, eivar 1 x 1, dnhadi amhodg oprduof.)

IMopddetyuo 6-2
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O eqappdooupe xat Tov (6.2) yior Tov Tivono

2
A= 1
2

W N =
— S Ot

Tou ouoThuatog (4.1).
TroloyiCoupe TEOTA Tl CUUTANEWUATIXG TwV oTotyElwy Tou A yia xdie

YPo:

1 4 2 4 2 1

2 5 1 5 1 2
Agl——‘2 1':8 AQQ—'S 1’:—14 A23——‘3 2‘:4

2 5 1 5 1 2
A31_‘1 4|73 A?’?:_‘z 4’:6 A33_‘2 | =73

To tonodetolye oe oThHAES (Lol VoL TEEOLUE TOV avaGTEOPO) ot Bploxoupe:

-7 8 3
adjA=| 10 —14 6
1 4 -3

¥to mapdderyua 5-9 elyaue utoloyioer v opilovoo tou mivoxa, |A| = 18, xt
emoUévee o tumog (6.2) pac diver TéAL 6Tt

LT 8 3
Al = = 10 —14 6
1 4 -3

6.3 Exnllvorn cuctApatog n X n Ue Tov avTi-
O TEOYO TIVAXL

Av oe éva chotnua n X n,
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o mivaxag A €yer avtiotpogo mohhamhactdloupe TV e&lowon amd aploTERS Ue
Tov A™! o madpvoupe

A7 1Ax = A1

= Ix = A™!

IS IS

H Aoomn dnhadt| Tou cuctiuatog divetar and tov ToTNo:
z=A"" (6.5)
Emopéveg:

e ‘Otav o mivoxag evég TETPAYOVIXOU GUCTAUNTOS EVaL AVTIOTEETTOC TO
cloTnua €yl povadikr) Adon, mou divetan Yo xde b amd Ty TeheuTolal
oYEoT.

IMopddetyuo 6-3

O utohoyicoupe oxoun o popd T Ao tou custhuotog (4.1), Tou €yel

1 25 7 LT 83
A=12 14|, b=1|2|, A‘1:1—8 10 —14 6
3 21 3 1 4 -3
Ou elvou:
7 8 31[7 [ 2 -3
r=—| 10 -14 6 21 =] 60|= o
1 4 -3 3 6 1
3

6.4 locodUvaueg mpoTdoelg Yo Evay mivoxo
nxn

Ané ta péypr toHpa TEoXUTTEL OTL, Yl évay TETpaywvixd (n X n) mivaxa A, ot
TOEUX AT TEOTACELS Efvol IGOBUVIUECS:

e To clotnuo Az = b €yel povadur) hoon yio xdde b.

o O ypauuoicodivopog Tou A avyugvog xAaxmtog mivoxag etvon o I,.
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e To opoyevéc clotnua Az = 0 €yel pévo tnv TeTEUEVn Ao

[ Ty t8€n tou mivaxa woyVet: rank(A) = n.

' Ty opilovoa tou mivoxa woyvet: |A| # 0.

O mivoxag €yer aviiotpogo.



Kegpdiowo 7

Alovuopoatixol yweot

7.1 T slvor €vog BLAVLUOUATIXOS Y WEOC

EEXVOVTAC AT TOL YVWOOTA Yog OtaevOoUATaL, To OTolol UTOROUUE VoL TEOGUETOU-
ue 1 va tohhamAactdloupe Pe aprduole, xot YEVIXEDOVTUS, OB YOLUUCTE GTNV
€VVOLOL TOU BLLVUOUATIXOU Y OEOU:

e 'Evog Stavuopatixdg xweog civan éva obvoho V, ue otovyeio mou o-
vopdlovto daviouata, 6To onoto optlovtat ot TEdEelS TN mpdodeans xou
Tou ToAamAaoiacopol ue aprud. Tao amoTeAéoUaTo QUTOY TWY TEAEEWY
ebvor éhL ototyelo Tou Vo (Aépe 6Tt To V' elvan kA€10T0 ¢ Tpog oUTEC TIC
npdgelc). ‘Onwe xaw oo cuvAdy Slaviouata .oy Uouy ot e€fg WBLoTNTES:

— v1 + (Vg + v3) = (v1 + v2) + U3 Yl Uy, Vo, U3 €V
— v+ Vs =V + V1 YLV, Uy €V

— 30y eVygev+0y =vywxde v eV

— VoveVundpyet 1o —v €V e v+ (—v) =0y

- /\<U1 + Ug) = )\Ul + )\UQ
- (/\1 + /\2)’0 = )\11} + /\2?}
— Apv) = (Ap)v
—lv=w
OTOU A, 1, A1, Ag ebvon mporypaticol 1 pryaduol oprduol xou v, vy, v, v3

otoyela tou V. To clpforo + ota mporyolueva yenoulomoleiton xou
yioo Ty tpdodeon otov V' oxon yua v mpooveot apriuy. AvticTolya

49
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€youpe dLo eldn toramhactaouol. Av ot aprduol eivon and to R €youue
EVOY TPAYHATIKG avuouaTike Ywpo eves av ebvar amd 1o C €youue €vay
M1YadIko 01ayVoHaATIKG Y PO.

(XupPohiopde: Xt yevixy| TepintwoTn eVOS BLVUGUATIX0) YMOROU YIo Ta
otorvOopota Yo YeNOoUOTOLOUUE To YRIUUATO U, U, W YWEIC UTOYEUUULOT.
To undevixd dtdvuopo cupBoriCetar pe to 0 pe deixtn to cluBoho Tou
BLOVUGUATIXOU YDEOVL. )

ITopddetypa 7-1

Hopadelyuato BLVUOUATIXOY YOEOV:

1.

Ta clvora R, R? R3 R* 1), dnhady| w0 oOvora Twv cuvihopévey dio-
VUOUGTWY GTOV HOVOBLICTATO, OLOIAOTATO, TELOOIAOTATO, TETRUOIAC TUTO
%A avtioToyo yweo. Autol elvar ot apyeTuTixol dlavuouaTixol YHEOL.

To cbvora Z, Q, C ye tic ouvidelc mpdelc Tne mpodoleonc xaL Tou ToA-
ATAACLIOUOU.

To clvolho M, TV TVEXWY M X 1 UE TRALEC TNV TEOCUEST] TVAXOY
X0l TOV TOAATAACIHOoUS Ttivaxa Ue optduo.

To clvoho P, TV TOAGVIUWY UE TEAYHATIXO0UE GUVTEAESTES BarduoU
< n. To ddpooua 500 TETOLWY TOAUWVOULY Exel Xt auTo Bodud < n, 10
{B1o o €vor TOAUGYLUO ToU €YEL TOMATAACLUGTEL UE TEUYUATING dpLiUO.
Or 800 autéc mEdlelc €youy OAEC TIC WBLOTNTEC TOU AMALTOVVIAL OO TOV
0pLoU6 EVOC BLAVUGUATIXOU YWEOV.

To clvoho P OhwV T6V TOAOVOUWY UE TEOYUATIXOUC CUVTEAEC TEC.

To chvoho TV AoEwY EVOE OUOYEVOUC Ypouuxol cuoThuatog Az = 0.
Av z1, 5 elvon 600 TéTolEC AUoEL EYOUUE OTL

Az +12) =0

nol

yia x&e A € R.
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IMopddetypo 7-2

To cOvoho F twv cuvapthioewy e nedio opopoL to R, av oploouue wg dipot-
oo 0Vo cuvapTHoEwY [ xouw g TNV [+ g Ue

(f +9)(x) = f(z) + g(z)

XL WG YWVOUEVO ULog ouvdptnong f e evay aprdud A v Af ue

(AS)() = Af(x)

(V z € R), eivon évag Bloavuopatinds Yhpoc. [

Ye xdie dravuopatind yoeo V ooybouy ta e€fic (dnou v Sidvuoua xar A
oprduoe):

o Ju= OV
[ )\OV :OV
o —lv=—v

e Av v =0y t6t1e A =07 v =0y.

7.2 Yrnoyweol

Y oy wpeog evoc dlavuouatinol yweou V etvon éva utocivolo tou V' o onolo
elvon xon auTO amd UOVO TOU BLAVUOUATIXOG YWEOS UE TIC (BlEC TRALELS.

Enedr o1 mpd&eic autég €youv TIC amuToUPEVES WOWOTNTES, av €va utoorodo
tov V' elvar kAe1otd wg mpog Ttny mpdoleon kar tov moAAamAaciaoud e aprud
téte Oa efvar ka1 vTdywpos. LuvOLACTIXG UTOPOUUE Vol TOUUE OTL

o v va etvon o S C V' umdywpoc apxel, av vy,v2 € S, T0 dLdvucua
A1 + Agva (Yt xdde Ap, Ao € R) vor avixer oo S.

Ao otyoupol undyweot tou V' eivon to Bto 10 V' xar 10 oivoro {0y} (te-
TPIUUEVOL UTOYwpOL). L€ BLlaopeTixt ond auTéC TIC 800 TEQITTOOELS AEUE OTL
€YOUUE Evay YVNo10 UTdywpo.

Kde undywpog evog Slavuouotixol yweou mepiéyel o undevikd didvuopa.

IMopddetyuo 7-3
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To cOvolo
T

P={|y|lz+y+z=0},
z

01Aa0Y| TO GUVOAO TMV BLAVUOUITELY VEGNE TV ONUEY TOL ETTESOL T+Y+2 =
0 ebvor €vag undywpog Tou R3, ool Yo Vo daviouata 1y, e € P €youue

1 To A1+ Aaxo
AMritXre =AM | yr | +X | v2 | = | My + Ay
% 29 A1z1 + Aozo
ue
(AMz1 + Aowa) + (Ay1 + Aaya) + (A121 + Ag22)
= M@+ +21) + Aa(22 + 12 + 22)
= AM-04+X-0
=0
XU ETOUEVWS A171 + Aoty € P yio xdde Aq, Ag. [ |

IMapddeitypa 7-4

Avtideta ue to Tponyoluevo, To chvolo

T
P={|y ||lxt+y+2z=06},
z

TOU TEPIEYEL TaL ONUELN EVOC ETUTEDOU TTOL BEV TEPVIEL ATO TNV dEY Y| TWY aEOVWY,
0ev elvol UTOYWEOSC TOU R3 aol to dbpotopa Ay - 6 + Ao - 6 (oT0 omolo Yo
xoTéANye xavelc avtiotoryo ue mewv) dev elvon yia xdde A, Ay foo pe 6.

To yeyovog autd TEOXUTTEL Xou O €0XOAY, oV TOEATNENCOUUE 6Tl T0 P
0ev mepthaBdver To undevind Sidvuopo (apol Bev TeEpVEEL amd TNV opy Y TwY
a&bvwv). Tevixd:

e O eulelec, to enineda (7] TOL UTEPETUTED DLaPOPEWY DG TACEWY < n) Tou
yweou R™ etvor undyweol Tou R”, av epvoly amd tnv apyr| Twv alovewy.
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IMopddetypo 7-5

To cOvoho S TV CUUPETEXOY N X N TWVEXWY Elvol UTOYWEOS Tou M,,,. Autd
enewdr av A, B € S Ya eivau:

(A+B)=A"+B"=A4+B

(AT =247 =24
Anhady) ot A+ B xou AA eivon 3 awtol cupueTtexol. o

Av éyoupe k Savioupata vy, Vg, . .., Uy EVOC Slovuouatixol yweou V' éva
dipotoua TNG LOPPHC
)\1’01 + )\2112 + ...+ )\k:’Uk: 5
HE A, A2, ..., A € R, ovoudleton ypaixdG CUVBLACWUOG TV dlavu-
OUAT®Y aTOV. Mropolue 0ol Vo ONULOUEYOUUE UTIOYMEOUS EVOS DLOVUGUO-
TIX0U YWEOU:

e To GUVOLO TV YROUUIXGOY GUVOUAUOUMY TWY V1, Vs, . . ., Uk, EVAL EVOC U-
oy weoc Tou V', o omolog Aéue 6Tl matpdyeTow and ta k autd Slavioua-
oL 1) OAALDOG OTL €lVOL TO YRAUUIAXO AVATTUYWUA Toug. MupfBoiileton
(V1,02, ..., v5) Yy span(vy, va, ..., Ug).

IMopddetyuo 7-6

e 'Evo Sidvuopa tou R? nopdyer plo eudelon
o ADOo un cuyYEUULXd BLVOCUUTA TUEEYOLY EVal ETUTEDO.

o Tolo un ouveninedo Saviopata tapdyouy ohdxhneo tov R,

e Ta povovupa 1,z, 2%, 23, 2 mopdyouv tov dravuopatind yodeo Py twv

TOAUWYOULY Boduold < 4.
[ |

7.3 Tpopuixr| e€dptnorn SLavLoUATLWY
‘Eotw 61 €youde k daviouata vy, va, . . . , Uy EVOS BLAVUCHATIXOD YOpou V:

o Aéuye OTL T SovOopoTa UTE EIVOL YROALXGG AVEERETNTA, OV 1)
elowon
AU + AgUg + ...+ Apup = Oy (71)



o4 KEPANAIO 7. AIANTYMATIKOI X(2POI

CUVETIAYETOL OTL

M=X=...=X=0.

Auté onpaiver 611 kavéva and avtd ta Owavvouata Oev umopel va exppaotel
WS YPAUMIKOS OUVOUAOUOS Twy UTOAOITwY.

o Av n mponyoluevn e&iowon (7.1) unopel va 1oyler xou 6TNy mepinTwoN
TOU EVA TOUAGYLOTOV OO To A1, Ag, ..., A €lvon didpopo tou 0 toTe €va
TOUAGYLOTOV OO TO V1, V2, . . ., Uk, UTOPEL VoL YRUPTEL (G YROUUULXOS GUY-
BLUCUOG TWV UTIOAOITWY (Tmyocivowo’cg TO 67O GAAO UENOC TNG LOOTNTAS
X0 OLPOVTOG UETY UE TO A; TOU, Aol auTd efvan un UNdeEVIXG) xou AEUE
OTL Tt k BtavOopota eivol YRk X ®S EEARTNUEVAL.

IMapdderypo 7-7

e 2 dwviouato tou R™ ebvar ypopuxde aveldotnta, av d6ev elvon to éva
ToAhamAdoto Tou dAAov, Snhadh av Bev eivon ouyypouxd: H (7.1) yo 2
otavOouato yiveto

)\1’01 + )\21)2 = OV .

Yy mepintwon e yeopuxrc e€dptnong évag and toug dVo apriuolc,
€0TW 0 Aq, ebvan un UndeVIXOS xan TEOXUTTEL OTL

A
Vy = ——7VUy .

At

o 3 davOopata Tou R™ ebvon ypouuixnme aveldotnTa, av 6V lvon GUVETHTEDOL.
Av ebvor ypouuixdg e€aptnuéva Yo €youle, avtioTolyo Ue TEw, pia oyéon
OTLC

A A3
V] = ——Uy — —U3 .

A1 A
|

Yy meplntwon mou €youde dlaviouata Tou yweou R™, yiu omoo n, 7
elowon (7.1) avtiotoyel o€ éva n X k ogoyevég obotnua (61ou ot &yvmoTol
oupPorilovtar pe A;, avtl v z;). Enopévec

o 1o JVUOUATY Uy, Vg, . . . , Up, EVOL YPAUUUXAOS oveEdpTnTa, av To (7.1) éyel
Moo Tny Tetpiupuévn Adon.
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IMapdderypa 7-8

Ta 3 davOopato Tou R3

1 2 5
21, 1], |4
3 2 1

elvon ypouuixee aveldotnta. Autod emeldr| elvon ol GTHAES Tou Tivaxa Tou 3 X 3
ovothuatoc (4.1), Tou o yYpdpoupe TWEa WS 6L SlVUOUETLY:

1 2 5 7
M2 +x| 1 +xla|=]2 (7.2)
3 2 1 3

To cOotnua auTo Pernape OTL EYEL HOVUDLXY| ADOT|. JLUUTEQRUVOUUE, ETOUEVLC,
6 o avtiotoryo ouoyevés obotnua (1 eglowon (7.1) yi Ty nepintwon yog)
EYEL HOVO TNV TETPWUEVT ADoT). o

IMopddetypa 7-9

Ta 3 Saviopato Touv R3

2 1 3
1y, 1], |2
4 3 7

elvon ypopuuxae eCoptnuéva. Efvar ol otiiec Tou mtivaxa tou 3 X 3 cucTAaTOg
(4.3), mou Berixaue bt éyel dnetpeg MIGELS Xou dpoL ATELPES EYEL XoL TO avT{GTOLY O
OMOYEVEC. (B)\s’noups dMwoTe 6Tl To Tplto BLdvuoua elvon o ddpotoua TV
My 8Vo.) o

IMapddetypa 7-10

Ané v eniluon tou 2 x 3 cvothuatog (4.7) mpoxinter 6T T 3 BraviouaTa
Tou R?

1 4 -3

4|7 -2 |’ 1
elvor Yeouxms e€opTNUEVL. [ |

A6 ta mponyolueva TORAUSEYHOTA TOU AVIPECOVTAL OE TETRUYWVIXE OU-
O TAUOTA CUUTEROUVOUNE OTL:
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o ‘Eva clotnua n X n €yel povadikn AVon, oav %ol HOVO oV Ol OTHAEC TOU
Tvad Tou elvor YROUUIXGE ovEEHPTNTES.

Eivou ehxolo va detlel xaveic 6Tt av pépouye Evay Tivoxo O XAUOXWTT HOE-
@) %o HATOLEG YEUUUES TOU UNOEVIGTOUY QUTO OTUALVEL OTL QUTEC OL YEUUUES
elvo, ¢ BlayOouoTa, YEUUUIXOL CUVOLACUOL XAToLWY antd TIC dAAES Yooupéc. 'E-
TOL €YOUUE XL EVOY GANO TEOTO VoL EAEYYOUUE T YROUUIXT| aveEopTnota XAToLY
OLOVUCUGTGV:

o 'odpoupe Tor SLVOOUATO WG YRUUMES EVOC Tivoa Xou TOV (PEPVOUUE GE
KNP TY pop@n ue TN wédodo Gauss:

— Av Bev undeviotel xopla yeouuy| o SlaevOCUOTO EIVAL YROUUIXOS -
vedptnTa.

— Av undevioto0V %AMOLEC YEUUUES AUTO OTUOLVEL OTL YEUUUIXS OVE-
Edptnteg etvan oL pn undevixés ypouuéc mou améuetvay. To avticTol-
Yo OLatyOoUOTa Ty oLV TOV (BL0 YMEO UE ToL Uy LK.

ITopdderypa 7-11

Ané v enfhuon tou 3 x 3 cuotiuatog (4.1), emedn xoplo yeouuuy| dev unde-

vioTnxEe 0TV XAPUOXWTY Lop§T| TOU Ttivaxa, GUUTEpalvoulE OTL Ta 3 SlovUouaToL
R3

1 2 3
2, L, 2|,
5 4 1
TOU AVTIGTOLYOUV GTIG YRUUUES TOU Tvoal, etvor YRoupxms aveldpTnToL. [ |

IMopdderypo 7-12

Ané tny enthuon tou 3 x 3 cuothuatoc (4.3), ye Tic dnelpec ADoELS, cuunEpa-
VOUUE OTL Tt 3 OLavOOUATO TOU R3

2 1 4
Loy s 3]
3 2 7

TIOL AVTLOTOL0UV OTIC YROUUUES TOU Tivoxa, efval Yoouuxas eCapTNUEVAL. [ |
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IMopdderypo 7-13

Ané v enfhuon tou 2 X 3 cuotiuatog (4.7), enedn xopio yeauuy dev unde-
VIoTNXE 0TV XAPOXWTY| Lop}T| TOU Ttivaxa, cuUTepaivoule OTL Tar 2 dlavbouaTa
Tou R?

1 4
4 ’ —2 )
-3 1

TOU QVTIOTOLOUY OTIC YPUUUES TOU Tiivoxa, ebvan ypouuxne aveldotnto. (Edd
BéBana, apol tar draviouarta efvan b0, afveton 6TL 8V elvan To Evar TOAAATALGLO
TOoL dAhov.) o

Avdhoyo Ue TEONYOUUEVKC GUUTEQUEVOUUE OTL:

e ‘Eva chotnua n X n €yet povadikn AUon, ov xaL UOVo oV oL YROUUES TOU
v Tou elvor YRoUUIXGS aveldpTNTES.

7.4 Bdon xo didcTaon

H yeopetpwd| epunveia tov Slavuopatixdy yopwmy R, R? xou R? etvar 41t mopr-
otévouy pio eudeio (e Sidotaon 1), éva eninedo (e didotaom 2) xou Tov GuVADY
TELOOWIO TATO Y WEO avTioTorya. XENOWOTOWWVTAS TNV Evvola Tng Bdong evog
BLLVUCUATIXOU Y MEOU UTOROUUE Vol YEVIXEDGOUUE TNV £VVOoLa TNE OLIG TAOTS YLot
omolovormoTe yweo R oo xar yia dhhou eldoug yweoug.

‘Eva oOvolo dlavuoudtny evog ywpou V Aéue otL elvor pla Bdom Tou, av
Tar OtavOoUoTa

o clvol YRoUUIX®S oveldoTnTol XAl

® TEAYOLY TOV YWEO AUTO.

IMopdderypo 7-14

To {[1 0], [0 1]"} ebvou Bdom tou R?, agol ta 800 dtaviopata Tou Tepté-
YEL EVOIL YROoUXOS avedpTrTa xou yior xdie Sidvuoua [a b]T Tou R? Loy Ve

Gl-flft] e



o8 KEPANAIO 7. AIANTYMATIKOI X(2POI

H yewpetpuh epunveia te (7.3) ebvar étL pac Siver tny avdhuon tou Sua-
viouatog otoug 2 d€oveg mou opilovtan amd ta Swoviopata Tng Bdong. Enedn
duwe 2 onoladRToTe Ypapupxoe aveldptnta dtaviopata tou R? opilouv 2 dZo-
VeS, 6ToUG omoloug umopel var avahudel o [a b]T, ouumepatvoupe 6T 1) Bdom
Tou R? Bev eivan uovodwr. T'evixd:

e H [don evog dravuopatinold yoeou V' 0ev elvon povooixy).

o ‘Olec o1 Bdoeic evog dlavuouatinol yweou V €youy, 6Twe amodetxvieTol,
ToV (610 opriud BlavUGUATWY, 0 0ToloC OVOUGLETOL BLACTAGT) TOU Y (OHEOU
owto0 %o oupfoiileton dim V.

Ou a, b ebvar o1 cuvteTYREVES TOU dlviouatog oTr dedouévr Bdon. H
Bdomn auty| ovoudletar xavovixt| Bdor Tou R2. Tevixd, n xavovixy Bdor tou
R™ mepuhauBdver to n Slavoouota

1 0 0
0 1 0
0 0 1

wou sbvar dim R™ = n.
‘Otav €youpe Eva dtdvuopa Tou R™ ol cuvtetaypéveg Tou cuvidwg avagpepo-
vTow 6TNY xovovixy| Bdom. Xe dhAn Bdon Va eyel d1apopetikéS ourTeTayéve.

IMapdderypo 7-15

‘Onwe goiveton and tny (7.2), mou woylel Y

4 10 1
1 3 ) 2 3 ) 3 3
(opo¥ n e€&iowon auty| tooduvoyel pe to cvotnua (4.1) ), oL GUVTETAYUEVES TOU

OtavOoUATOC

b=[7 2 3]"
otn Bdon mou amoteloly To
1 2 5
20, 1], |4 (7.4)
3 2 1

etvar —4/3,10/3, 1/3. Av yio xdmoto h6yo ano@acicouye VoL yenoHIOTOCOUUE
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auty| T Bdomn meénel Vo yedouue TO BLEAVUCUL WS

(To 6T o Savbopara (7.4) amoterolv Béon tou R? mpoxinter and tny
enthuon tou (4.1): a) Eidoue #dn 6t elvan ypopuixde aveZdotnta. ) Zépouye
6t 1o (4.1) Yo elye (Lovadixr) hoom Omoo Xou oy HTOY TO BLEVUGUN TWY O To-
Yepdy 6pwv ToU, TEAYU TOU OTUaiveL OTL Tol BLtVOCUATA AUTE ToEAYOUY TOV
R3.) O

Mropolue t@pa Yo éva yeauuixd cOoTnUo 1 X n Ue povadikn Adon vo
ToUUE OTL:

/ / / / n ’ 7
e Ot othleg Tou mhvad Tou Tapdyouv Tov R™ xou anoterolv uia fdor tou.

e O ypauuec Tou mtivaxd Tou Tapdyouv Tov R™ xaw amoteholy po 3don tou.

IMopdderyuo 7-16

[Mopadelypator GAADY Y WOEwWV:

ol Lol L) [0

elvon Bdom tou BravuopaTixod YHeou Moy TV TIVAXGWY 2 X 2, Yl ToV
ornofo dim My = 4. Elvor gavepd 611 onolocdrinote 2 X 2 mivaxog ymo-
eel vou YpapTel WS YROUUIXOS GUVBUUCUOS TV 4 oUTMY TVAXMY XAl Gl
autol mapdyouy Tov May. To 6L ebvan ypouuixnoe avedptnTol TpoxUTTEL
oynuatilovtog tny e&iowon (7.1). Eivar pla e€iowon mvéxwy xar av e&i-
cwoouye ta avtioTorya otoryeio Yo Bpolue Eva opoyeveg cloTnua 4 X 4
TOL €YEL UOVO TNV TETEWUEVT ADoT).

o Ot mivaxec

e To {1, x, 2%, 23} v Bdomn tou Ps, yia Tov onolo dim Ps = 4.

IMopdderyuo 7-17
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H en{Auom tou cucthuatog

21’1 + To + 3ZE3 =0
r1 + To -+ 2273 =0 (75)
433‘1 + 3.’13'2 + 7333 =0 ,

mou ebvor To opoyevég avtioTtoyo tou (4.3), pac diver T yevixh Aon;:

T —1
i) =t —1
T3 1

Auto onuadver 6TL oL drelpeg AVCELS TOU GUGTHUITOS AVAXOLY GE EVay UTIOYWEO

tou R? nov éyet Bdonto { [-1 —1  1]7 } xou Sidotaon {onpe 1. (Hpdxerton
eMOUEVLS Yo Wia evdeia u€oo oTOV TEIGOLAGTATO Y (PO, 1) OTola TEPVAEL amd TNV
opy ) TV aEOHVWY.) [

IMopddetypo 7-18

H eriluom tou cucthuatog
Ty + 21’2 + 51’3 =0
7ZL‘1 + 141‘2 + 35£L‘3 =0 s

mou elvor To opoyevég avtioTolyo tou (4.4), pac diver T yevixh Aon;:

I —2 -5
To =S 1 —f-t 0
I3 0 1

Auto onuadver OTL oL drelpeg AVCELS TOU GUGTHUITOS AVAXOLY GE EVay UTIOYWEO
tou R? nou éyet Bdon o {[-2 1 0]F,[=5 0 1]7} %o didotaon lon
ue 2. (Eninedo yéooa otov tpobidotato ythpo, To onolo mepvdeL and Ty oy
TV aZbVov.) [ |

Ye évay dtavuopatind yoeo Ve dimV =n :

e Av ndpouye neptocdTepa and n droviopota Tou Vooutd Yo elvon olyoupa
YOS ECURTNUEVAL

o Av mdpouye Arydtepa and n dlaviouota Tou V autd olyoupa dev Topdyouy
Tov V.
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Trdpyouv xou SlavuouaTixol YHpol 6Tou uropolue va Beolue GUVoAa Ue
0cadToTE SLovOopaTa TOU Vo elvan Yeouuxws aveldptnta.  Tétotol eivon ol
yweol P xan F. Ebvaw yopeol drepng oidotaong.

Av éyovpe évay oprdud and Saviopata VS BLUVUCUATIXOU YOEOU XYoL
Yéhouue va Bpolue pla Bdon xou Tn SLACTUOY TOU UTOYMEOU TOU TapdyouV
UTOPOUUE Vo OYNUATIGOUNE EVoy TV UE AUTE WC YROUUES Xol EQURUOLOVTAS
YIIIN var méipoupe €vay 16000VOUO xAoxwTo Tivaxa. Tote:

o Ou (evbeyouéviwe Myotepec) un undevixée ypoppéc, mou da ueivouv, Yo
AVTLOTOLY 00V OE YRUUUIXMS oveEdoTNTOL BlayOOUATO TOU Toedy ouv ToV (Blo
UTIOYWEO XAl ETOPEVKS amoTeEA0DV o Bdor Tou.

e O apriuodg toug Vo Bivel T BLAG TUOT) TOU UTOYOEOV.

IMopdderypo 7-19

Ané v enlhuon tou cuothpatoc (4.3) Tpoxintel 6Tt 0 LTdYwEoc Tou R?, Tou
ToEAYETOL omd ToL BLoyUOUOTAL

2 1 4
Ly b 3]
3 2 7

yel pla Bdorn mou amotehettan and To

1 0
1 WOl -1
2 —1

xou 1) Bidotaor Tou ebvon fon ue 2. (Eninedo yéoa otov TpiodidoToto Yo, To
omolo TEPVAEL amd TNV Y1 TV aEOVOV. ) [

7.5 X0pEOolL UE ECWTERIXO YIVOUEVO

e évav ywpeo R, extoc and Ttic 800 mpdlelc mou €xel kS BLVUCUTIXOS YWROC,
umopel vou 0ploTEl XU TO ECWTERPXO YIVOUEVO BVO BLVUCUATWY TOU, TO 0Tolo
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elvon €vog TEoyUaToS apLiuoc:

-y = Tiyr+ToYo+ ..+ Tpyn (7.7)
Y
Yo
= [.771 Ty ... xn} .
Yn

(Autéc o oplopde elvon 1) YEVIXEUOT TOU ECWTERIXOL YIVOUEVOL TV GUVAT®Y
OLVUOUATLY OE 2 xou 3 dtaotdoelc. )

Fevind, ecwtepixd Yivopevo ot évay dlavuopatixd yoeo V' elvon pa
TedEN 1) onola o€ xde VYo BLVUOUATWY U, v avTIoTOLY((EL EVary TEaYUoTNG
oprdud (u,v) xau woyouv (v omowdrmote Saviouata u, v, w Tou V. xo
omotovdnnote oprdud A tou R) ta emduevar:

L. (u,v) = (v,u)

2. (u,v+w) = (u,v) + (u, w)

3. (Au,v) = Au, )

4. (u,u) >0, ye ™V too6TNTa Vo Loy VEL oy xou Povo av u = Oy .

Av undpyer auth) 1 Teddn Aéue 6TL 0 V elvon €voc YWeog E ECWTEELXO
YivoOuevoO.

IMapddeitypa 7-20

Exté¢ oné 1o ouvniouévo eowtepd ywvouevo (7.7), otov R™ unopolye va
0plCOUUE %ol ECWTEPIXE YIVOUEVYL UE BAEN:

(,y) = w1 T1y1 + WakaYo + . .. + WnTpYn (7.8)

To Bdpn w; mpénel va etvon Yetixol apriuol. Tote unopel ebxola vo amoderyvel
OTL 1oy OoLY oL AmMAUTOUUEVES 4 IBLOTNTEC TOU 0PIoHOY EVOG ECWTERXOD YLVO-
UEVOu. [ |

IMapdderypa 7-21

Y10V Y0po TV Tohuwviuey Ps, av p(z) = po + p1z + per? + psa® xou q(x) =



7.5. X0POI ME EXQ?TEPIKO I'INOMENO 63
Qo + 1T + @r? + g3x3, umopolue Vo 0plcouuE TO ECWTEPXG YIVOUEVO:

(p(2),q(x)) = poqo + P1a1 + P2ga + P3gs (7.9)

IMapddeiypa 7-22

270 BLovUoUATIXG Y WEO Clap) TWV CUVEYMY CUVARTACE®Y GTO SdoTnua [a, bl
UE TIc BVo Bacixéc mpdlelc 6mwe otov F, 0plleTal T0 EOOTEPXO YIVOUEVO:

(9) = [ Falgla) da (7.10)

(‘Eyouue ohoxhpwua avtl yio dpolopa, ETEWY| 0 yOeog elvar dnetpng dtdoTo-
one.) o

Ye evav yweo V' e E0WTERIXO YIVOUEVO UTOPOUUE VO YEVIXEOGOUUE TIC

€VVOLEC TOU UNX0UC EVOC BlavioUAToC, TNE AMOoTACNC XAl TNS 0pUoywVIOTNTC,
ToL YVwEIloVUE Yia TO ENITESO Xou TOV TELOBIACTATO YWEO:

o To urxog 1 wETpo evoc daviouatog v etvol
ol = /@07 (7.11)

o H andotacy Yetall 6Vo BlavuoudTeY U oL v lvor

d(u,v) = ||lu—v|| . (7.12)
e Ao davbopato u xon v givar opBoydvia, av (u, v) = 0.

IMopdderypa 7-23

D i ouvapthoeic Tou Cpo ) f(2) = 2 xon g(x) = 4a? — 3z €yovye:

1
)= [ o=y

Enopévec || f|| = 1/V/3.

(f — g)(x) = —42” + 4z
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1
/ (—42* + 42)* dx
0

1
16/ (z* — 22° + 2?) da
0

3 0
1
8
15

Enopévoc d(f, g) = ||f — gll = v/8/15.

(f.9)

1

/ r(42* — 37) dx
o

/ (42° — 32%) dw
0

(2" — 27

0

Emouévee ou f xau g ebvan opdoymvieg.

7.6 Xopotl oyeTtilopevol pe mhvoxa

Or axdroudol Blavuopatixol yweol oyeTiCovTon Ye évay m X n mivoxo A:

o O ywpoc yeoupwy R(A) tou nivaxa: Eivar o undywpog tou R™ nou

TOEAYETOL AT TS YPUMUUES TOU TEVAXOL G OLVUCUOTAL.

e O ywpog otnhodv C(A) tou mivaxa: Eivoaw o uvndywpog tou R™ nou

ToEAYETOL amtd TIC OTAAES TOL Thvoxal w¢ dtavOoUATAL.

e O undevoywpog N(A) wou nivaxo: Ebvar o UTOYWEog Tou R™ Tou

TEPLEYEL TIC AUCELS TOU ouoyevolg cuothuatog Az = 0.

To emoueva €youv 1dN avagpepdel 1) TpoxdTTOUY EUXOA:

o Eva cbotnuo Az = b eivon oupfifoacto, dnhady| dev elvor adlvato, av To

oLdvuouo b avixer To yweo oTNAGY Tou A.
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e Ou XIIT" oe évayv mivoxa A dev ohdlouv ToV YWEOo YEUUU®Y OUTE TOV
UNBEVOYWEO TOU.

o AV €Y0UUE TOV IGOOUVOUO XAOHWTO TEVOXAL OL UN UNOEVIXES YROUMES TOU
amotehoLy pia Bdomn Tou yweou yeouuwy. O apriude Toug, dnAadt 1 TaEN
Tou A, ebvan (cog pe ) didotoon Tou R(A).

o O aprdudc v ehedlepmv TaPUUETEEWY TOU OUOYEVOUC GUOTAUATOC Az =
0 eivon {oog pe ) dudotaon tou N(A). Todpo 1 oyéon (4.8) unopel va
YeopTel xon we e€Ac:

dim R(A) + dim N (A) =n (7.13)

Av ypddouue ) yevixr Ao tou Az = 0 w¢ évay Ypouuxé cuvdLacUS
BLLVUCUBTWY, UE CUVTEAEOTES TIC EAEVVERPES TOPAUUETEOUC, Tol BlavOoUATY
auTd amoteloVy o Baor tou N (A).

e O undywpot R(A) xoaw N (A) ebvar 0 évoc 10 opBoyrvio cLUTARE -
pat Tou dAhou otov R™. Autd onuaivel 6Tt xdde Sidvuopa Tou evog ebvor
oploymvio oe xdle didvuoua Tou dAAOU.

Emmiéov woyouv ta e€ric:

o Ye xdle mivoxa 1) BLdoTAUOT TOL YWEOL GTNAWY elvor (o1 Ye T BldoTtaon
TOU Y(MPEOU YRUUUMDV:

dimR(A) = dimC(A) = rank(A) (7.14)
e O XIII" sArdCouv ToV Y0po oTNAGY evog Tivoxa. §26T600, av €youue

TOV LOOBLYOUO XAYOXWTO TVOXAL XL TEEOUNE TIC GTHAES TOU TIEQLEYOUV
TOUC 00N YOoUC TOTE oL avTioTolyeS 0THAES Tou apy kol Tivaka A arotekoly

pia Bion tov C(A).

o Evolhootind, pmopolue vo Tdpouue w¢ Bdom Tou yhpou oTnhwy tou A
wet Béon tou yweou yeaupoy tou AT

IMopddeypo 7-24

T tov mhvooca

o= =N
N Ot W
S W= W
0 = ©
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€)(OUUE TOUC YROUUOICOOUVAUOUC:

131 4 1 3 1 4 131 4
2739 o 1 1 1 011 1
1531 "o 2 S e R
120 8 0 -1 —1 4 000 5
131 4 131 4
oo o
000 —5 000 1
000 0 000 0

O teheutaiog mivoxag elvon 6 XAMUAXOTH LOPYT| XL ETOUEVWS:

e Miu Bdon tov R(A) anoteheiton and tor Starvdopata

0

== W
— == O
— O O

xou dim R(A) = 3.

e Odnyolc mepéyouv 1 1n, n 2n xou 1 4n oTHAN xou dool oL AvVTIGTOLYES
othheg Tou A, Ta SloviouoTa

— = =N
DO T O~
0~ = O

anotelovy pia Bdon touv C(A) xou dim C(A) = 3.

e [ T eniluot Tou oyoyevolc cuothuatog Az = 0 Topatneolue and To
1GOBUVOUO GUOTNUA TTOU AVTIGTOLYEL GTOV XAUoXwTO Tivaxa 6Tl 1) 3 Vol
etvon ehetiepn mopdpetpog (1 wévn). Kar Yo €youpe ond tny 3n e&iowon:

ZE4:0

Ané v 2n:

T9 = —XT3
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Ané v 1In:
r1—3r3+23=0 = 21 =23

H yevi | AMoom cuverag elvou:

X1 2
) — —1
T3 - 1
Ty 0

Yupnepaivoupe 6t piot Bdon tou N (A) eivar to
{[2 -1 1 0]}
xou dimN(A) = 1.
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Kegpdhowo 8

[Noopuixeg amexovicelg

8.1 TIsvixd

Fooppixn anetxovioy] (1 YeoUUUX0G ETACY NATIOUOS) ovoudleTto
ulo amexdvion T 1 Vo — W, and évav dovuouatixd yweo V' oe évav dhho
W, av y otowdritote dovbouata u, v Tou V' xou xdde aptdud A woybouv ta
EMOUEVAL

T(u+v)=T(u)+T(v) (8.1)
T(Au) = AT (u) (8.2)

MnopoUue %ot var T GUVOUAGOUNE QUTH, UTOLTOVTAS YO TNV EXOVL EVOC YOEOU-
X0l cuVBLACUOU Btavuoudtey T'(Aju + Av) vo toylet:

T(Au~+ Av) = M T (u) + AT (v) (8.3)

IMopdderyuo 8-1

H anewovion and tov R,, otov R, ue
Ta(z) = Az, (8.4)

omouv o A ebvan évag mivaxoac m X n, elvon wa yoouuxr anexévion.  Autd
TEOXUTTEL QUECKS AT TG WOLOTNTEG TOU TOAAATAACLUCUOY TUVEXWY. [
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IMopddetypo 8-2

Mio ypouuxt| amedvion, ond tov xHeo D (tekv mopoy»Youwy TeoyLaTixy
ouvocp'cﬁoscov) otov ywpeo F, elvor aut| Tou ameixovilel ula ouvdptnon otny
TRy WYO TNG:
d
INC

dz
Kt autd mpoxdntel ehxoha amd TG WOLOTNTESG TV TOQUY MY OV. |

IMopdderypo 8-3

H anewévion T : R — R pe T'(x) = £ + a xon a # 0 6ev eivon ypouuixr, apod

T(x1+x2):$1+x2—l—a

T(z1) +T(z2) =(x1+a)+ (22 +a) =21+ 22+ 2a .

(Av Bolue auth Ty anexovion BBt we v amhy ouvdptnon f(z) =z +a
TOTE UTOPOUKE VO TOUUE OTL EYEL YRUUULXY) CUUTEQRLPOQE, OPoU 1) YRUPIXT TNG
TopdoTtaot etvan par eudela. EoG ouwe dev e€etdloupe awTo. ) [ |

Amodevietan ot og xde ypauuxn aneovion T 0 Vo — W avtiotouyel
€vog Tvoxag, Tou AEYETAUL TIVAXAG TNG YRALULXNE ATELXOVIONG XAl VLo
xdde v € V woylel ot

T(v) = Av . (8.5)

H popgr| tou A ebaprdtar and tis fdoeig mou yenooTolodVTIL GTOUS YMEOUS
V oxow W. T ouyxexpiéveg Bdoeig ebvar povadixdg. 'Etol, yuo 0edouéveg
Bdoeig, €youue xou To avtioTpogo: Xe xde mivaxor A avTioTolyel Wior YeuUixn
amewxovion Ty yio Ty onola

Ta(v) = Av . (8.6)

Av éyouye pio ypouum| arexovion T : R, — R, 0 xavovixdg mivoaxdg
NG €xel wS 0TNAES TIS €1kdves Twv davvoudtwy tng kavovikns Pfdong tov R,
(xon elvor Slaotdoewy m X n).

IMopdderypo 8-4

oty ypouun amewxovion T': Ry — Ry pe

TA('xb x?) = (371 +x27 T1, T2, T1 — :CQ)
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€Y OUNE TIC EENAC EOVES TV 2 BLVUOUATOVY TNG xavovxrc Bdong tou Ry:

Tu(1,0) = (1,1,0,1)
Tu(0,1) = (1,0,1, —1)

Enopéviwe o avtiototyoc (xavovixde) mivoxde tne A Vo etvou:

A:

_ = O =

1
1
0
1 —

IToh0 ehxola enohndetovye 6t Yoo & = [11 2]’ € Ry elvon

Az =Ta(z) .

8.2 TMupAvoag xau euxdva

Me xdie ypopuwxr|, anewovion T' : V. — W ouvoéovtar 600 evOlapEpovTEg
UTOY WEOL:

o O mupnvag e anewodvione ker(T') (undywpog tou V') anotelelton and
T SLavuopota Tou Vo mou ametxoviCovton 6To Undevixd dtdvuoua tou W

ker(T)={u eV : T(u)=0w} (8.7)

e H euxdva e aneixdvione Im(T) (undyweoc tou W) anoteheitan and
Ta Otavoouato Tou Wonou elvon eixdveg dlavuoudtwy tou V:

Im(T)={ueW:3veVpeT(v) =u} (8.8)

Ioyber 1 enduevn yevixevon twy toimewy (7.13) xou (4.8):
dim ker(T) + dim Im(T) = dimV (8.9)

Auto yiveton e0xola xotavonTd oTNY MERITTWON Tou €youlde ameixovion Ty :
R, = R,,, yatl tote:

o O nuprivag ker(T4) eivar o undevoydpog tou mivoxor A.

o H edva Im(Ty) elvon 0 ywpog otnhédv tou mivaxa A.
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MrnopoUv va anodetydoly ta e&hc:

o H ypouuwi anexovion T : V- — W oetvan 1 — 1 av xou pévo av ker(T') =

{Ov}.

o AvdimV = dimW = n n ypouux omexovion T : 'V — Webvan 1 — 1
av xon povo av etvon en.

Ané to teheutaia, av mhpouue V =W = R, xou A tov avtioTtoryo mivoxa
e Yeopuuxrg aneoviong Ty, mpoxintel 0Tt o A elvon avtiotpentég

o ov xou u6vo av 1 Ty etvon 1 — 1,

o ov xou u6vo av 1 T’y elvon el



Kegdhowo 9

IotoTipES »au LOLOBLAVVUCUOTA

9.1 IGLoTiuES %ol LOLOBLAVOCUATA THlvoal

‘Eotw évag n X n nivaxag A, Av ToAAmAACIICOUUE Eval BIAVUCU T UE TOV
v autov Yo tdpoupe To yvopevo Az, to omolo Yo elvon, oTn yevixr| me-
eimtwon, éva didvuoya e dagopeTiny diebduvon and to z. Av ouws ouufel
(yror pn undevind ) va etvou

Az =M\ (9.1)

Aée 6TL TO  elvon LBLOBLAVLCUA TOU A UE LOLOTIUA A.
[Ma var Bpote Tic WotoTég xan ta Wotodlaviouata VvOg Ttivaxo YedpOouUE TNV
(9.1) wg Az = Az, Tou 1WodLVaE! Pe TNV

(A= A)z=0. (9.2)

"Eyoupe €66 évor opoyevég olotnua xot, ool Véhoupe vo elvor z # 0 (enedy
uac evOlapépouy oL AoELS oL BLopopeTixéc and Ty TeTpuévn), do tpénel va
€)Y OUUE:

|A—X,,| =0 (9.3)

Avth ebvan 1 yapaxtneoTixy) eglowon tou nivaxa A. To opiotepd uéhog
¢ ebvon éval ToALGVUUO Barduod n we TEOS A, TO YAEAXTNELO TLXO TOAUL-
wvupo tou A. Emopévoc,

® oL WTWES evog n X n mivaxar A ebvan o1 n AMIoEIC TNG Y aPaXTNELOTIXAS
Tou e€iowong (9.3) (1, odAde, ot pilec Tou YoEAXTNELETIXO) TOAVWYVUOU
TOU).

‘Eyovtag Beet tig WoTég Tig avtixadiotovue uio o oty (9.2) xon €youpe
x&de popd Evar opoYeEVEC GUGTNUA UE ATElpES MDGELS, TOU EURTAOVTAL oo Uid 1
TEPLOCOTERES TopapéTeous. ‘Etot,
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® T0 LOLOOLVOOUATO IOV OVTIOTOLYOUY GE Ulal CUYXEXQLIEVT] WOLoTIY A O
vovTol amd T yevixr Aoon tou ogoyevols cuotiuatog (9.2).

LUYVE UoG EVOLAPEREL VOL TIUQOUUE €V UOVO OO QUTH ToL GTELRXL LOLOOLOVUCUO-
ta.  Ilofpvoupe cuvilwg to aniolcTepo (emhéyovtac AKATIAANAES TUES TV
TOEAUUETEWY) Xt AEUE OTL efvor To IBLOBIAVUGHO TTOU avTIGTOLYEl GTNV IBLOTIH A.

To &1L 6e Uiol LOLOTUT AVTIGTOLYOLY dmeLpa OLOBLUVUCUOTL polveTon amd Ty
apyhh oty (9.1), apol av to z eivon 1dtodtdvucua TéTolo Yo elvor TpoPaveS xou
%&de moAhamhdord Tou. Ernione av 8Yo wbiodlaviouata (Ypapwxc'og oweio’cpmw)
AVTLOTOLYOUV OE pla WoTN A TOTE ot e YRoUULXOS GLYOLAOUOS Toug Vo
elvan 18L00LEVLOUAL PE TNV (Bt WOoTY Y. AuTté onuaivel 6Tl Ta 161001avvouata Tov
avTIoTooUy 0€ Uit oUYKeKPIUEYT) 1010TIUN A atoteAdoly évay undywpo tou R™,
TOV AEYOUEVO LBLOY WEO NG A.

And Tic n MNoeig tne yapoxtnplotinic eéiowone umopel xdmoleg 1 xou Oheg
vo uny ebvon mpaypatixés. Enouéveg evoéyetar évas mpaypatikds mivakas va
éyer uryadikég 1010T1éS Kar katd ouvvémela uryaoikd 101001aviopata.

ITopdderypa 9-1

[t T0 yopax TNELOTIXG TOAUGVUUO Tou Ttivoxa

4 -1
S E
€Y OUE:
4—-—Xx -1
[A = AL :‘ 2 1—)\‘
= A=49A-1)+2
= M —5\+6

= AN —3\—2\+6
= AMA=3)—2(A—3)
= (A=3)(A-2)

[SwoTipéc Tou A ebvan emopyévie ol
Al=2 xoau A =23.

Trohoylouog 1BL00LVUOUATWY:
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o T'lo v Ay = 2 Yo AMooupe to opoyevéc olotnua (A — 215)z = 0:
4-2 -1 10| |2 —-1|0 . 2 —11]0
2 1—-2/0] |2 —=1]0 0 00

To xy Vo elvon ToEdUETEOC X0 amd TNV TENOTN €£l0WoT TOU 16GOBLVOUOU
CUOTAUATOC TIlPVOUUE

1
2[E1—JZ2:0 il‘l:él’g

HEH]

Emiéyovtog tnv napduetpo (on e 2 tolpvoulue To WLodtdvucua:

xaL TN YEVIXT| Ao

N =

—_

[1 2]
o T v Ay = 3 Yo AMooupe to opoyevéc olotnua (A — 313)z = 0:
4-3 -1 10| |1 —-1|0 . 1 =110
2 1-3(0] |2 —-2/0 0 010
To x9 Va elvon mopduetpoc xou Talpvouue

T —22=0 = 21 =29

3]-+[1]

Emiéyovtog tnv napdueteo (on ue 1 talpvoule To Wbodtdvuc:

xou TN yevixr| Aoor

(1]

Mmropolue va emahniedcouye:

2 L)L) =L
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b=l

IMopdderypo 9-2

T Tov tov mtivaxa

€Y OUE:

1 2—-A

= (A—2)%?-3
A — 4N+ 1

Pilec autol tou moAuwmviuou xat Wwiotiuée Tou B elvan ol
M=2+V3 xu A=2-V3.
TroloYLoUOC IBLOBLVUCUATOV:

o [latmv Ay =2+ V3 Yo AOGOUUE TO OUOYEVEC GUOTNUA
[A—(2+V3)L]z = 0:

RO ERE

To 29 Va elvan mopdueTeog xou Taipvouue

—\/§$1 +315=0 = 21 = \/31'2

Ty | _ V3
o)== 1]
[ v mopdueteo (on ye 1 nalpvouue To 1dodtdvucUL:

(V3 1]

xou TN yevir| Adon
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o Tty Ay = 2 — /3 Yo Micoupe o opoyevée oUoTNUY
A—(2—V3)blz =0

R HEINE

To x9 Va elvon mopduetpog xou Talpvouue

01_{\/3?)

0
0 0 0]0

\/5931 +329=0 = 21 = —\/§$2

2)-+(1)

[Mo Ty mapdueteo fon pe 1 naipvoupe To 1l0dLEVUOUL:

(—v3 1]

xou T yevixr| Aoor,

9.2 ’'Opotot nivaxeg

Aéue 6t 0 n x n mivaxoag A elvon Opolog e évav n X n wivoxa B xon ouy-
Bohilouue A ~ B, av umdpyetl évag avTIGTEENTOS N X n wivoxag P tétolog
WOTE

P 'AP =B

H opodtnra ebvan pla oyéon wooduvapiog, emedr) av ot A, B xou C' eivon
mivaxec n X n TOTE:

1. A~ A

2. Av A~ B t6te xau B ~ A.

3. AvA~ Bxu B~ C t6te xou A~ C.

Av 800 mivaxeg A xou B elvar duolot TOTE €youv TOAG xowvd:

o |A| = |B| (emopévug elvor avtioTteentol § xat ot 800 1 xovévoc),
e rank(A) = rank(B),

o tr(A) =tr(B),

e £youv TIC (BLeg WOLOTIEC,
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o A% ~ BF vyio xde un opvnmind océpono k (xou av or mivoxec etvon ovti-
otpentol yio xdde axépato k).

(Ztnv evotnta 1.1.2 10 oUUPolo ~ avogepdTay O YEVIXT) TERITTWO WLog
oyéong ooduvapiog, otny evotnta 4.3 cLUPBoMle TNV YpouuoicodUVola TiL-
VAWV, VG €86 GUUBOAILEL TNV ouotoTNTA VX WY )

9.3 Auwywvioroinon nivaxo

O Braryowvior mivoeg ebvon ot o Bohixol otig mpdéelc. Erot, pog evilagpépet av
€vog Tivaxog lvor OpoLog Pe Evay Slaydwio mivaxa. Aéue, otny TeplnTmon auTh,
OTL 0 Tvordig pag efval BLaY W VIOTOLCLLOG.

[ évay n X n mivaar A umdipyen war ovoryxabor xon teovy| cuvdTxn:

e O A glvou SLory WVIOTOLACIOC oV X0l HOVO oV €YEL T YRUUUIXDS ove&dpTnToL
1OLOBLUV VoA TOL.

Téote da elvon
P 'AP =D , (9.4)

OTOU:

o P eivar 0 m X n Tvoxag Tou €YEL WC OTAAES T 1 YROUUIXMS ave&dpTnTo
WlodLaviouata Tou A.

e D civon 0 n X n Bory@viog Tivaxag Tou Teptéyel Tic n WoTiég Tou A (ue
N OElpd TOU aVTIOTOLYEL OE QUTAHY oL €youv To LBtodLaVUopoTo oTov P).

O P dev elvar povadxog ahhd elvor olyoupa avTIoTEETTOE, Aol oL OTHAES TOU
Elval YRUUUIXGE aveEdpTNTES.

Amo v (9.4), Moyw TV IBOTATWV TV OUOIWY TVAXWY, YivovTor Quvepd
YL0L BLY WVIOTIOLACULOUC TVOXES TOL ETOUEVQL, TIOU Loy VoLV Yo kd e Tetpaywyikd
nivaka:

e 1 opilouca elvor (o1 UE TO YIVOUEVO TWV IBOTIUWGY,
e 70 {yvoc etvor {00 ye To dpoloua TV BLOTHIMY.
‘Eyouue topo oxOuo EVor xpLTHELO AVTIOTEETTOTNTAS EVOS Ttivana:

o 'Bvog mivoxag etvon avtioTeentdg, av dev Exel xaio undevixy| WLoTW).
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IMapddetypa 9-3

Ané ta 1wBodlaviouato Tou utoloyicauue TEOXUTTEL OTL O TiVOXAC TOU Bloryw-
VIOTIOLEL TOV

4 -1
=15 1)
TOU TPOTOV TORUDELYUATOS Elval O
1 1
po]11].

O avtioTtpogdg tou ebva:

1 1 -1 -1 1
_]__ —
r _1—2{—2 1} { 2—11

‘Eyoupe:

2 12 1]]21
-1 1][2 3
ol 2 1[4 3

(2 0

03

= 5ol ]

BAénoupe 6TL mafpvouue TedyHaTt £Vory SLory VIO TV TOU TEPLEYEL TIC LOLOTL-
uéc Tou A e TN ogd mou avtioTolyel oTic 6THAES Tou P. [ |

IMopdderypo 9-4

7’ Vs
Eoctw o wivoxoc

_ O
O~
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Oa Beolue TEAOTA TIC WLOTIWES Tou:

1—A 1 1
A-XL| = | 0 —x 1
1 1 -\

-\ 1 11
SR ISR Y
L=\ =1)+ (14X
—AA+DA -1+ (1+A)
=1 =) +1]
)(=A% 4 2))
A

= (
=
= (
(
= ( (2-2X)

1+ A
1+
1+ A
[afpvouue emouEvme TIC WOLOTIIES
)\1:—1, )\2:0, )\3:2
(‘Hrov avaevouevo va Beolue undevixy wiotir, agol o A éyel 800 ypauuéc
(dlec xou dpor undevixr| optlouoa.)
Y11 ouvéyeta utohoyiloude Ta LBLOBLVOCUOTAL.

e T v Ay = —1 Advoupe to opoyevéc clotnua (A + I3)z = 0:

21110 1 1 1]0
01 1/]0]—1(21T1]|0
1 1 1]0 01 1]0
11 110 1110
— (0 -1 -1 /0| —1011]0
0O 1 1|0 00 0]0

To w3 Yo civon mopduetpog xan and TNy deltepn eiowon nalpvouus
To+x3=0 = 29 = —213
xa avTixa Mo TOOUE TO Ty OTNY TEWTN:

1 —23+23=0 =21=0
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H yevixr Moo elvon 1

T 0
1) = I3 -1
T3 1

Emiéyovtog tnv napdueteo (on ue 1 tolpvoule To WLodtdvuc:
[0 -1 1]"

o [l TV Ay = 0 AOvouue To opoyevég clotnua Az = 0:

1110 11 1]0
001{0]—1]00 1]0
1 1 0]0 00 —-1]0
1 1 170
— {0 0 1]0
00 0]0

To xy Yo elvon mapduetpoc. Amd tny deltepn e&lowon Talpvouue
T3 = 0

xot avTIXA o TOVTAC TO OTNY TEOTY:

I1+$2:O = 1 = —T9
H yevuery Ao ebvan 1
T —1
) = X9 1
x3 0

Emicyovtag tny moapducteo lon ye 1 noafpvouue To 1dlodtdvuou:

[-110]"

81
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o [ v A3 = 2 AOvoupe o ogoyevég alotnuoe (A — 213)x = 0:

-1 1 110 -1 1 110
0O -2 1/0]| — 0 -2 1|0
1 1 =210 0O 2 —-10

-1 1 110
— 0 -2 110
0O 0 00

To 3 Yo clvon mopduetpog. And tny deltepn e€iowon talpvouue
1
29+ 1x3=0 = 29 = 51’3
xo avTIXA MO TOOUE TO Xp OTNY TEWTN:

1 3
—ZE1+§ZL‘3+JI3:O $$1:§ZL’3

H yevuer) Ao ebvan 1

3

T 2
_ 1

T2 | =23 35
T3 1

Emhéyovtag tnv napduetpeo (on ue 2 nolpvoupe to Wlodtdvuou:
(31 2]

Me Ta 3 6odtaviopota oynuatilouvue tov P mou daywvionotel tov A:

0 -1 3
P=]-1 11
1 0 2

O avtiotowyog dlaydviog elvon o

D =

(@]
o O O
N OO
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Avtl yoe v (9.4) ebvon o edxoho va enahnieloouye TV 1oduVoUT oyéon:

AP = PD (9.5)
"Eyouye:
1 11 0 -1 3 0 0 6
AP=10 0 1 -1 11| = 1 0 2
110 1 0 2 -1 0 4
0 -1 3 -1 00 0 0 6
PD=| —1 11 0 0 0] = 1 0 2
1 0 2 0 0 2 -1 0 4
Anhadr| 1 (9.5) woyet. o

9.4 IdLoTipEg %o SLaywvioTolnom

‘Onwe anodexvieTol Ta 101001avUouate Tov avTIoTooUY O€ dlaPopeTIKES 1010TI-
HES evis mivaka elvar ypaupikog avebdptnta. Enouévng, Aoyo tne avayxaiog
xou ovhc ouvITnng dlaywvionolnong, eluacTte olyoupol 6Tt

o Av évac n X n mvoxag Exel n SLPOPETXES WOLOTWES efvol SLaywVIOTOLAGL-
Hog.

Tétoroucg mivaxec elyope ota uéypl TwEA ToEUdELYUOTA.

Av undpyouv TOAATAES WOIOTWES TdAL Bev amoxeietan o mivaxag vo etvon
OlorywvloTolotos.  Oo meémet, yio va cuufalvel autd, ov pio Wty eva,
Yio TapdBELyaL, TELTAT Vo €xel Tolo LotodlaviouaTo Yeuuixme aveldotnta. Oo
TEETEL, YEVIXA,

o 1 (aAyeBpixr)) TOAAATAOTYTA XdUe WO0TYAC Tou Tivoxor vor efvou {om
UE TN YEWRETEWXH TOANtAOTNTA . (H yewpetpw mohhamhdtn-
Tor oG TG elvon {om pe TN SLdo TAoT) TOU LBLOYWEOL TNG, ONAXDY| UE
ToV PéYLoTo aptiud avedpTnTwy IBI0BIVUCUETWY TOU UTOPEL Vo BKOTEL. )
AopopeTind, o mivaxag efval U BLay WVIOTOLAGIIOC.

(Ioyber 6L 1 yewuetpixr TohhamAdTnTa piog WBOTIWAC Unopel To TOAD vo elvor
fon pe Vv oahyeBp| ToARUTAOTNTE TNC.)

IMopddetyua 9-5
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"Eotw o nivoxac

01 1
A=|1 0 1
1 10
"Eyouye:
- 1 1
|A =53] = 1 =X 1
1 1 =
“A—1 1+ 0
= 1 —A 1
1 1 .

-\ 1 11
= camn| Y H—aen|!
= —A+DA=1) = (A+1)(=A-1)
= —DA+DA+FDA=1)+ (A +1)?
= A+ [-A=1)+1]
= A+1*(=A+2)

"Eyouue topa pio dtoTiy| OLmhn:
)\1:—1, )\2:—1, )\3:2
[ vor dodpe av o A ebvan Slarywviomoiowog meénel vor ehEyEouue av 1) Ot-

AR Wt —1 = A = Ay pog Olver 2 ypouuinds aveldpTnTol 1LodLaVOoUoTL.
"Eyouue va AMooupe to opoyevée olotnua (A + I3)z = 0:

o O O

1 11 1 11
1 11 — 10 0 0
1 11 000

o O O

BAénoupe 61t Yo €youpe 2 TapoUETEOUS, TIC Tp XU Tz, XOL OO TNY TEMTN
elowon
T1+204+23=0 =21 =—29 — 23 .
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H yevin) Moor enopévae elvon

T -1 -1
i) = T9 1 + T3 0
ZT3 0 1

O oy mpog g BIMAHC WtoTiuNg —1 €yel B1dcTaoT 2, OTOTE UTOPOUUE VoL TéEOU-
UE 2 YEOoUUIXAOS oveEdoTrTa LOLOBLVOOUOTA XAl dpat O THvodic uag efvan Slory -
viorotiotdoc. Emieyovtag Tic tapopuéteoug oo = 1 xou x3 = 0 nolpvouue me@To
10Lo0LdvUo UL TO

(-1 10]"
xan Yo g = 0 xou 23 = 1 nodpvouue Be0TERO LBLOBLAVUOUO TO
[-10 1] .

[Tpénel TiHpa vor uTtoAoYIoOUPE XAl TO WBLOBIEVUGHA TTOL AVTIOTOLYEL OTNV A3 = 2,
AOvovtog To opoyevée ovotnua (A — 213)z = 0:

-2 1 1|0 1 -2 110

1 -2 1/10| — (-2 1 1|0

1 1 =210 1 1 =210

1 -2 110 1 =2 110

— 10 -3 3/0f—/0 -1 10
0 3 =-3|0 0 0 0]0

To 3 Yo elvon mapduetpog. And v deltepn eliowon nalpvouue
—xot+13=0 = 29 = 13
%ot avTIXa o TOVTAS TO OTNY TROTY:
T —2x3+23=0 = 21 =23

H yevix Mo elvon 1)

I 1
To | =z3 | 1
XT3 1

Emiéyovtog tnv nopduetpo (on e 1 talpvouue 1o BLodtdvuoua:

(11 1]
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Me T 3 w6rodtaviopata, Tou €youue Beet, oynuatilouue tov P:

-1 -1 1
P = 1 01
0 11
O avtioToyog darydviog etvon o
-1 00
D = 0 -1 0
0O 0 2

Enoindebouue 6Tt 0 P dwrywwviontolel tov A, dlamotdvoviag 6t oy Vel 1
oyéon (9.5):

01 1]7[-1 —-11 1 12
AP=1]1 0 1 1 01|l=|-1 02
110f| 0 11 0 —1 2
-1 -1 1]7[-1 00 1 1 2
PD = 1 01 0 -1 0|l=|-1 02
0 1 1] 0 0 2 0 —1 2

IMapddetyua 9-6

INot tov mivaea
6 3 -8
A=[10 =2 0
1 0 -3
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€Y OUUE:
6— A\ 3 -8
A-N| = | 0 —2-x 0
1 0 -3 =)
-2 =) 0 3 -8
A —3—)\‘+'—2—)\ o‘

(6—=XNA+2)(A+3) =8\ +2)
= —(A+2)[A=6)(A+3)+ 8]
= —(A+2)(\* =3\ —-10)
= —(A+2)(A+2)(A—5)

Emoyévwe, ou blotiuée pag etvor
M=—2, X=-2, A3=5H.
Aol 1 wioTn —2 ebvon OITAT TEETEL Vo EAEYEOUUE TNV YEWUETEIXT| TNG TOA-

AomAOTNTAL, ONAADT oy g BEVEL 1) Oyl 2 YRUUUIXGE oveEHETNTOL LOLOOLOY OO
o to opoyevée obotnuo (A + 213)x = 0 éyouye :

8 3 =810 10 —-1]0
00 0|0 —|8 3 =810
1 0 —-11]0 00 00
1 0 —-1]0
— |10 3 0]0
00 0/0

To x3 Yo elvor ehe¥epn mapduetpog. Me uio pdvo mopduetpo 1 BLdc TooT Tou
Wy OeEoL g WwiotwAg —2 Yo ebvan lon ue 1, ondte dev umdpyouv 2 WBLOBL-
VOOUOTOL YRUUUIXOS aveCdoTnTa. Muunepatvoupe ot 0 A Bev elvar Slarywvionot-
OLOC. [ |

9.5 YmnoAoYLOUOG BUVAUEWY TULVAXWL YV

‘Otav évag mivaxag elvon BlaywvioTotRoyog amAoUGTEVETAL O UTOAOYLOUOS BU-
Vauewy tou. Auto yioti, av Az = Az, Yo ebvar xon

AFg = Ny (9.6)
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O AF| dnhadr, Yo éyer o iBio tiodlavioparta e Tov A e WioTipée Tic avlotot-
xes tou A uwuéveg ot S0voun k. Enopéveg, av P~ 1AP = D, 9a eivon xou

pPtAkp = D" | (9.7)

OTOTE

Ak = ppkp~1 | (9.8)

IMapddertypa 9-7

O uoloyloouue TNV €xTn SLVOUT TOL TV
4 —1
At
Yiot Tov onolo 6To ToEddEryUo 7-3 by oe:

11 o[ -1 1 20
e=lan] e[ a] e [i]
Ou elvou:
6 |1 1][25 0 -1 1
A= 21 0 36 2 -1
R —26 26
Col2 1| [2-3 =36
[ 2(38—25) 2636
| 2(36—26) 27— 36

[ 1394 —665
| 1330 —601

9.6 IocodUvapeg mpotdoelg yio €vay mivoxo
nXxmn
Mmopolue twpa Vo UEYUADOOUUE TN AMOTA TWV LGOBUVIUGY TEOTACEWY TNG

evotnrog 6.4 yio évay tetporywvid (n x n) mivoxo A (mou avuotouyel oe pla
Yoo anetxévion T'y):



9.6.

10.
11.
12.
13.
14.
15.
16.
17.
18.
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. To cbotnua Az = b €yel povadxr) Abon yo xdde b.

. O ypoupoicodivapog Tou A avnypévog xAMuaxwtog mivoxag etvat o 1.
. To opoyevég chotnua Az = 0 €yel uébvo v TETEWUEVN Ao

. Tt v 18&n tou nivoxa woyver: rank(A) = n.

. T v opiouoa tou mivaxa toyvet: |A| # 0.

. O mivaxag €yer avtiotpogo.

. Ot othheg Tou A eivon ypoppxng aveldptnTeg.

. Ov othheg Tou A mopdyouy tov R,,.

. OvothAheg Tou A anotelolv wia Bdon tou R,,.

Ou ypauuéc tou A elvon ypoupxms aveldpTnTee.
Ou ypoupéc tou A napdyouv tov R,,.

Ou ypoupéc tou A anoterolv wo Bdon tou R,,.
dimN(A) =0

H yoouun amewxdévion Ty etvon 1 — 1.

H yooppux ameixdvion Ty ebvon el

ker(T) = {0}

Im(T) =R,

O A dev €yl xapio undevixy| WOLOTW.
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