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AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-> €va oUvoAo diavuopaTtwyv S={ul,u2,..,un} €ival gia Baon Tou V av
EXEI TIG €ENG OUO 1010TNTEG: (1) TO S €ival ypapHIka aveEapTnTo, KAl

(2) To S napayei Tov V.

-> €va oUvoAo diavuopatwv S={ul,u2,.,un} gival gjia Baon Tou V av
Vv e VHNOPEI va YPAPTEI Hovadika wC YPAHNHIKOG CUVOUAOTHOG

TV diIavuouHaTwVv Baonc.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

Oewpnua: ‘EoTw V Eévag 81aVUOHATIKOC XWPOG TETOI0C WOTE HId
Baon va £xel m oTolxXeia kail pia dAAn Baon va €xeil n oroixeia. TOTe
m=n.
TOTE 0 d1aVUOHATIKOG X®WPOG V gival nengpacgHévng diaotaong “n”
n n-d0iaorarog: dim(V)=n
Suppose {u,, ;. ..., 1 } is  basis of V', and suppose {v,, v, ...} 18 another basis of V. Since {u | spans
V, the besis {v,, v, ...} must contain n of less vectors, or else it is linearly dependent by Problem 5.39
(Lemma 5.13). On the other hand, i the basis {v,, v, ...} contains less than n elements, then {uy, uy, .., k)

is inearly dependent by Problem 5.39. Thus the basis {v,, v,, ...} contains exactly n vectors, and so the
theorem is tru.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->0 d1avuopuaTikoG xwpog {0} Exel diaocTtaon 0.

-->EQVv €vag 31aVUOHATIKOG XWPOG V eV £XEI NENEPACHEVN Baon,

TOTE AEHE OTI O V €ival angpiopioTng diaoTaong n angipodiaocTarog.
Let § = {uy, us, ..., ti,} be a subset of a vector space V. Show that the following two conditions

are equivalent: (a) § is lineardy independent and spans V, and (b) every vector v e V¥ can be
written uniquely as a linear combination of the vectors in S.

Suppose (a) holds. Since § spans V', the vector v is a linear combination of the u,; say,
B=dt, + dybiy + -0 44, H,
Suppose we also have
v=bw + b+ + by,



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

Subtracting, we get
O=p=r=(a, —bu +la,~ by + = +(a, —bJu,

But the . are linearly independent ; hence the coeflicients in the abowve relation are each 0:
g —by=0a-by=0,...,8,-b=0

Therefore, a, = b, @, = by, ..., a, = b, ; hence the representation of v as a lincar combination of the u; is

unique. Thus (@) implies (b).
Suppose () holds. Then S spans V. Suppose

O=cty + Catig + " +Cpliy
However, we do have
0 =0u; + Ouy + - + Ou,

By hypothesis, the representation of 0 as a linear combination of the v, & unique. Hence each ¢, = 0 and the
u, are lincarly independent. Thus (b) implies (a).



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-> YNOOETOUHE OTI TO {V1,V2,...,vn} napayeil Tov V Kal OTI TO
{wl,w2,...,wm} €ival ypapHika aveEapTnto. TOTE m<n, kaio V
napayeTal ano €va cUVoAo:

fwl,w2,...,wm,vi_1,vi_2,...,vi_n-m}
‘ETOo1 n+1 N nepiogoTEPa diavuopuara orov V gival ypapHikad
eEapTnueva.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

(a) Consider the vector space M, y of all 2 x 3 matrices over a field K. Then the following six matrices form a
Iﬂ.‘iiﬂl’.fM:lgi

1 00 010 001 000 000 000
000 000 000 1 00 010 001
More generally, in the vector space M, , of r x s matrices let E;; be the matrix with if-entry | and 0 ekewhere,
Then all such matrices E;; form a bass of M, ,, called the usual basis of M, ,. Then dim M, , =rs In

particular, e, =(1,0,...,0% ¢, = (0, 1,0,...,0),....e,=(0.0,....0, 1) form the usual basis for K".

(b) Consider the vector space P () of polynomials of degree <n The polynomials L, ¢, ¢, ..., ¢" form a basis of
Pf),and so dim P{t)=n + L.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

(@ Consider the following four vectors in R*:
(LL L) 0,1, 1, 1) (0,0, 1,1 0, 0,0, 1)

Note that the vector will lorm a matrix in echelon form; bence the vectors are lincady independent. Further
more, since dim R* = 4, the vectors form a basis of R®

(b) Consider the following n + 1 polynomials in P jr):
Le—Le=14...,0-Lr

The degree of (1 — 1)} is k; hence no polynomial can be a linear combination of preceding polynomials. Thus
the polynomials are lmearly independent, Furthermore, they form a basis of P (¢) since dim Pt = n 4 L.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->'EOTW V €vag 81aVUOHATIKOG XWPOG NENEPACHEVNG diacTaong n.
Tote (a) OnoladnnoTte n+1 | NEPICOOTEPA diavUopara givai
YPAHHIKA EEapTNHEVA

(B) Onoi1odnnoTe ypapHika aveEapTnTo cuvoAo S={ul,u2,...,un}
HE n oTOIXEia €ival pia Baon Tou V.

(y) ono1odAnoTe oUvoAo yevvnTopmwvV T={v1,v2,...,vn} TOU V HE N

oTOIXEia gival yia Baon Tou V.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

Suppose B = {w,,w,,..., w,} isa basis of V.
() Since Bspans V,any n + | or more vectors are lnearly dependent by Lemma 5.13,

(i) By Lemma 5.13, elements from B can be adjoined to § to form & spanning set of ¥ with n elements.
Since § already has nelements, § itsell 18 a spanning set of . Thus § is a basis of V.

() Suppose T is linearly dependent. Then some v, is a linear combination of the preceding vectors. By
Problem 5.38, V © spanned by the vectors in T wathout v. and there are n — | of them. By Lemma
5.13, the independent set B cannot have more than n — | elements. This contradicts the fact that B
has n elements. Thus T is linearly independent and hence T is a basis of V.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->'EOTW OTI TO S napayel €éva d1avuopaTiko Xwpo V. TOTe:

(a) Ono10G3NNOTE HEYIOTOC APIOHOC YPAHHIKA AVEEAPTNTWV
diavuopaTwyVv oT1o S oxnuartifouv yia Baon Tou V.

(B) YnoO®£TovTag OTI ano 1o S diaypa®eral KaOe 3iGvuoHa nou
€ival Evac YPAHHIKOG CUVOUAOHOC TWV NPONYOUHEV®V
d1avVUOHNaT®WV OTO S, TOTE TA EVvAnoMEivavTa diavuoparda

oxnHaTtiouv gia Baon Tou V.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

() Suppose {e,, ..., v} is & maximal linearly independent subset of §, and suppose w € S. Accordingly
fty, ..., 1, w} s inearly dependent. No r, can be & linear combination of preceding vectots: hence w
i & linear combination of the ¢, Thus we span v, and hence § € span v, This leads to

V=span§Cspane SV

Thus {v.} spans ¥ and, since it is linearly independent, it is  basis of V.,
() The remaining vectors form a maximal linearly independent subset of S and hence by part i) it & a
basis of V.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->'EOT® V €vag 01a0UCHATIKOGC XWPOC NENEPATHEVNC d1aAoTAONG
Kal £E0Tw S={v1,v2,...,vn} Eva cUVOAO YpAMHIKA AVEEAPTNTWV
diavuopaTtwyv otov V. TOTE TO S €ival HEPOG HiIac Baonc Tou V, SAD

HNopEi va enekTaBei o€ pia Baon Tou V.
Suppose B= {w,, wy,..., w,} is a basis of V. Then B spans ¥ and hence ¥ is spanned by

SulB= 1"“ Hyy ooy I, Wi Wy, “"Hl

By Theorem 5.15, we can delete from § u B each vector which is  lincar combination of preceding vectors
to obtain a basis B for V. Since § is lincarly mdependent, no u; 15 4 linear combination of preceding
wectors. Thus B' contains every vector in S, Thus § s part of the basis B for V.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->Eav To W €ival Eévag unoxwpog VoG n-01a0TaTou 31avVUOHATIKOU

Xwpou V, Tote dim(W)<n. Zuykekpipgeva av dim(W)=n--->W=V.

Since V is of dimension n, any n+ 1 or more vectors are nearly dependent. Furthermore, since a
basis of W consists of lincarly independent vectors, it cannot contain more than n clements. Accodingly,
dim W <n.

In particular, if {w,, ..., w,} is & basis of W, then, since it is an independent set with n elements, it is
aloo a basisof V. Thus W = V whendim W =n.



AlavuopaTikoi Xwpol

Baon kai AiaoTtaon

-->Eav To W €ival Eévag unoxwpog VoG n-01a0TaTou 31avVUOHATIKOU

Xxwpou V, Tote dim(W)<n. Zuykekpipeva av dim(W)=n--->W=V,

Example 5.9. Let W be a subspace of the real space R®. Now dim R* = 3: hence by Theorem 5.7 the dimension
of W can only be (, 1, 2, or 3. The following cases apply:

(i) dim W =0, then W = {0}, a point;

(1) dim W =1, then W is a line through the ongin;
(i) dim W =2, then W is a plane through the origin;
(iv) dim W =3, then W is the entire space R,



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka

‘Eo0T® A £vac onoloodnnoTE mxn nivakag navm o€ €va nedio K.
OuUMiCOUME OTI O1 YPAHUHEC TOU HNOopoUV va OewpnOouv
diavuopara orov KAn kal 0TI 0 X®WPOGC YPAHH®YV TOU A, NouU
vypageTal rowsp(A) ival unoxmpog Tou KAn nou napayeral ano TiG

YPOAHHEG TOU A (Opo1a kal yia colsp(A)).

-> O BaOuOG evoc nivaka A, nou ypa@eral rank(A), icouTal HE TOV
HEYIOTO APIOHO TWV YPAHHIKA AVEEAPTNTWV YPAHH®V TOU A, N

1I000UvVApua HE TN 81a0TACT TOU XWPOU YPAHH®YV TOU A.



AlavuopaTikoi Xwpol

Eqpappoyn oTtoug Nivakeg-O BaBpog evog Mivaka

Example 510. Suppose we want to find a basis and the dimension of the row space of

I 2 0 -
A=|2 6 -3 -3
] 10 -6 -5

We reduce A to echelon form using the dementary row operations:

1 2 0 -l 12 0 -1
A~0 2 -3 —F|~{0 2 -3 —I
0 4 -6 -2 o0 0 0

Recall that row equivalent matrices have the same row space. Thus the nonzero rows of the echelon matrix, which
are independent by Theorem 5,11, form a basis of the row space of A. Thus dim rowsp A =2 and so rank A = 2.



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

Oa SOUHE NWC HIa KAINAK®WTH HOPPN EVOC ONOIOUdNNOTE nivaka A
Hag divel Tnv AUon o€ npoBARHATA NOU ApOoPoUV GTOoV A.

ZUYKEKPINEVA £0TW A, B o1 nivakeg (A~B).

(1 2 1 3 1 2 | 1 2 1 3 1 2]
2 5 5 T 4 5 01 3 1 2 1
A=|3 7 6 11 6 9 |,B=|0 0 0 1 1 2
1 5 10 8 9 9 0000 0 O
2 6 8 11 9 12 00 00 0 0

Nna 1ig otnAeg Tou C1, C2, C3,...,C6 O6a AUocoupe Ta €§ng
npoBAnpara:



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

1) Elpeon HIac¢ BAoNC TOU X®WPOU YPAHH®V TOU A

2) EUpeon TNG KAOE oTAANG TOU A NOU E€ival YPAHHIK®G
OUVOUAOHNOG TWV NPONYOUHEV®WYV OTHA®WYV TOU A

3) EUpeon Hi1ag Baong Tou XWPou oTHA®V Tou A.

4) Eupgon Tou BaOpuou rank(A).



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

1) Elpeon HIac¢ BAoNC TOU X®WPOU YPAHH®V TOU A

Mag diveral oTi A~B apa €xouv Tov id10 Xwpo ypapHwv. O B
BpioKETAI OE KAINAK®WTN HOPPN, ONOTE Ol HNOEVIKEG KATAXWPIOEIG
TOU €ival ypapHIka ave§apTnTeG Kal apa oxnuartifouv pia Baon
TOU XWPOU YPpAaHH®V ToU B. Apa kai Tou A...

Baon Tou rawsp(A): (1,2,1,3,1,2), (0,1,3,1,2,1), (0,0,0,1,1,2),



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

2) EUpeoN TNG KAOE oTAANG TOU A NOU E€ival YPAHHIK®G
OUVOUAOHOG TWV NPONYOUHEV®WYV OTHA®WYV TOU A
‘EoTt®w M_k=[C1,C2,...,Ck] o unonivakag Tou A nou anoTeA&giTal ano TIg

np@WTeG k OTAAEG TOU A. TOTE M, ka1 M, €ival o nivakag

OUVTEAECTWV KAl 0 ENAUENHEVOG NIVAKAG, avTioToIXd, TNG
d1avUOHATIKNG £EicWONG:

X1C1+x2C2+...+xk-1Ck-1=Ck

‘EXOUHE Ol OTI TO oUOTNHA £XElI AUON av KAl HOVo av
rank(Mk)=rank(Mk-1) (6Ad €ival YPAHUHIK®C CUVOUAOGHOC TWV
npPonyoupevwv oTnA®v. Me rank(Mk) o apiOpwVv ToV “0dnywv” o€

HIa KAIHAK®TR Hoppn Tou Mk. Kai:



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

Kai: rank(M2)=rank(M3)=2 kai rank(M4)=rank(M5)=rank(M6)=3

AAD kaOe pia ano T1ig C3, C5, C6 gival Evag YPAHHIKOG GUVAUAOHOG

TWV NPONYOUHEVWYV OTHA®MV TOU A.



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

3) Elpeon Hi1ag Baong Tou XWPou oTHA®V Tou A.

To yeyovog OT11 o1 evanopueivouoecg oTnAeg C1,C2,C4 dev €ival
YPAHHIKOI CUVOUAOHOI TWV AVTIOTOIX®WV NPONYOUHEVWV OTHA®V
onHaivel o1l €ival ypapHika aveEApTnTeG, kail apa oxnHarifouv Hia
Baon Tou Xmpou oTnA®V Tou A. AAJD.

Baon Tou colsp(A): [1,2,3,1,217, [2,5,7,5,6]", [3,7,11,8,11]"



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
NMpoBAnupara Eupeong Baong

4) Eupgon Tou BaOpuou rank(A).

(a) Ynapyxouv Tpeic odnyoi oTov B, 0 onoioc gival jia KAIHaK®TN
HOpP®PN TOU A.

(B) O1 TpEiG 0dnyoi oTov B avTioToIXoUV OTIG HN-HNJEVIKEG YPAHHEG
TOU, Ol onoieg oxnuariouv Hia Baocn ToOU X®WPOU YPAHH®V TOU A.
(y) O1 TpEic odnyoi oTov B avTioTOoIX0oUV OTIC OTAAEC TOU A, OI

onoiec oxnHaTtiouv Hia Baon Tou XwpPou oThA®WV Tou A.

Oonorte rank(A)=3



AlavuopaTikoi Xwpol

Eqpappoyn otoug NMivakeg-O BaBpog evog Mivaka
Eqpappoyn ornv EUpeon Baong tou W=span{ul,u2,...,un}

Zuyxva pag diveral gia Aiora diavuopatwyv otov K" S={ul,u2,...,un}

Kal gag {nteiTtal va BpoUpuE Hia Baon yia Tov unoXwpo W Tou K"

nou napayeral ano dedopeva diavuopara, SAd pia Baon Tou
W=span{S}=span{ul,u2,...,un}

AAyopi16poc Xwpou MNpappwv

1-> ZxnuaTiouHde ToVv Nivaka M Tou onoiou ol YPpAaHHEG Eival Ta

dedopueva diavuopaTa

2-> AVAYOUHE HE OTOIXEIWIEIC HETAOXNHATICHOUG YPAHH®WYV TOV M

OE KAIHAOK®WTN HOPYPN.

3-> H {nToUpevn Baon anapTtideTal ano TiG HN HNOEVIKEC YPAMHEG

TOU KAIHAK®WTOU nivakada.



AlavuopaTikoi Xwpol

Eqpappoyn oTtoug Nivakeg-O BaBpog evog Mivaka
Eqpappoyn ornv EUpeon Baong tou W=span{ul,u2,...,un}

MepIKEC POPEC OEAOUHE va BpOoUME HiIa Baon Nou va NPOEPXETAl
HOVO ano Td apyxika dedouEva diavuopara.

AAyopi10pog AnoBoAng

1-> ZxnuaTtioule TOoV Nivaka M Tou onoiou o1 OTAAEC gival Ta
dedopuEva diavuopaTa

2-> AVAYOUHE HE OTOIXEIWOEIC HETAOXNHATIOHOUG TOV M O€E
KAIHAOK®TA HOPPA.

3-> INa Tnv ka0e oTNAnN Ck oTOoV KAIHAK®WTO Nivaka Xmpic odnyo,
diaypa@oupe 1o diavuopua uk ano Tnv Aiota S.

3-> H {nToUpevn Baon anapTtieTal ano Ta evanopeivavra

diavuopaTa o1o S (avTioToIXoUV O€ OTNAEG HE 0ONYyOU().



AlavuopaTikoi Xwpol

Eqpappoyn oTtoug Nivakeg-O BaBpog evog Mivaka

Emaouovn ornv Eungon Baonc Tou W=spanful.u2.....un}
Example 512. Let W be the subspace of R* spanned by the following vectors:
b, =(1,21, 23 =125 —13,-2) py=(L, 3, —2,5, -5
va=(3, 1,2 —4.1) by =(56 L. —1, —1)

We wuse Algonthm 558 to find the dimension and a basis of W.
First form the matrix M whose columns are the given vectors, and reduce the matrix to echelon form:

1
0
M=y 1 -1 -2 2 1]|~j0 -3 -3 -1 -4
0
0

| 2 1 3 5 I 2 1 3 5
0 1 | 7 -4 0 | | 7 —4
~l0 0 0 =16 —16~|0 0 O 1 1
0 o o 37 37 o 0 0 0 0
0 0 0 —48 -—48 o o 0 o0 0

Observe that the pivots in the echelon matrix appear in columns C,, C,, and C,. The fact that column C, does not
have a pivot means that the system xv, + yvy — vy has a solution and hence v, is a Imear combination of ¢, and v, .
Similarly, the fact that column C, does not have a pivot means that v, is a linear combination of preceding vectors,
Accordingly, the vectors v, vy and r,, which correspond to the columns in the echelon matrix with pivots, form a
basis of W and dim W = 3.



AlavuopaTikoi Xwpol

ABpoiopara kai EuBsa ABpoiocuaTa

‘EoT® U, W 3U0 unooguvoAa €vog diavuoHaTikou Xwpou V. To
afpoiopa Twv U, W, U+W, anoTeAegiTal ano oAa Ta aBpoiopara u+w,
ueU ka1 weW.

U+W={v:v=u+w, HE ueU ka1 weW}
Av eninA€éov Ta U, W gival kal unoXwpol Tou V, TOTE HNOPEi va
dceixTei (AZKHZH) o11 kai To U+W €ival unoXxwpog Tou V.

YnevOupileTal 011 kai o UNnW gival unoxwpocg.

-->'EoTw U0 unoxwpol U, W Tou V, nenepacpuevng diaoraong. ToTe
kali o U+W €xel nengpacpuevn diaoTaon kal
dim(U+W)=dim(U)+dim(V)-dim(U+W)



AlavuopaTikoi Xwpol

ABpoiopara kai EuBsa ABpoiocuaTa
-->'EoTm dU0 unoxwpol U, W Tou V, nenepacpuevnc diaotaonc. TOTE
kai o U+W €xel nenepaocpuEvn diaoTaon Kal
dimU+W)=dim(U)+dim(W)-dim(U+W)

Example 5.13. Suppose UV and W are the xy and yz planes, respectively, in R®. That is,
U={la b0} and W={0b, o}
Note R* = U + W; hence dim (U + W) = 3. Also dim U = 2and dim W = 2. By Theorem 5.22,
31=242—dim(lU n W) or dim (U m» W) =1
This agrees with the facts that U/ ~ W is the y axis (Fig. 5-3) and the y axis has dimension 1.

[ -




AlavuopaTikoi Xwpol

EuBa ABpoiouara
O 31aVvUOoHaTIKOG X®WPOoG V KAaAgiTal eu6U aOpoIoHA TWV UNOX®WPWV
Tou, U+W ka1 cupBoAileTal ge V=UBW av kaOe v HNnopei va ypaPTeEi

Hovadika WG V=u+w.

-->0 31aVUOHATIKOC X®WPOG V gival To euOU aBpoioHa TOV
unoXwpwv Tou U, W av ka1 povo av a) V=U+W, €XElI NENEPACTHEVN

diaoctaon kai B) UnwW={0}.



AlavuopaTikoi Xwpol

EuB&a AGpoioupara

(a) Inthe vector space R, let U be the xy plane and let W be the yz plane:

(B)

U={labOabeR} and W={0bc)bceR}

Then R* = U + W since every vector in R* is the sum of a vector in U and a vector in W. However, R* is not
the direct sum of U and W since such sums are not unigue; for example,

(57=0(3,1L0+0,47 andakoe (3 57)=(3-40+(09%7)
In RY, let U be the xy plane and let W be the z axis:
U={ia,b0:abeR} ad W={0,0c:ceR}

Now any vector (g, b, ¢} € R* can be written as the sum of a vector in U and a vector in ¥ in one and only one
way'
(@ b,c)=(a b,0) +(0,0,¢)

Accordingly, R® is the direct sum of U and W, that is, R* = U @ W. Alternativdy, R = U @ W since
R'=U+Wand U W={0}.



AlavuopaTikoi Xwpol

Fevika EuB£a ABpoiopuara
H €vvola evog euB£oc aBpoiopaTog Hnopei va avaAuOEi oe
NEPICTOTEPOUC ANO £va NapayovTeC. 'ETo1 0 S1aVUOHATIKOG XWPOGC
V kaAgiTal eu6U aBpoioua TwV unoXwpmv Tou, W1, W2,...,Wr kai
oUHBoAileTal HE V=W1OW2D..®Wr av KAOE v HNOPEi va YPAPTEI

HOVadIka WG V=W1+W2+...+wr.

Suppose V=W, & W, &--- & W.. Also, for each i, suppose §; 15 a linearly indepen-
dent subset of W.. Then

(a) Theunion S = | J; S, is linearly independent in V.

(b) WU S;is a basis of W, then § = | ), §; is a basis of V.

() dim ¥V =dim W, + dim W, + - -+ + dim W,

Suppose V = W, + W, + --- + W, (where V has finite dimension) and suppose
dim V = dim W, + dim W, + - -- + dim W,

ThenV =W, & W, ® - @ W,.



TéAoc Evotntac
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