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AlavuopaTtikoi Xwpol

Y1roxwpol

‘EoTtw V évag d1avuoHaTIKOG XWwpog TTavw o€ éva tredio K, kal éotw W éva
utTooUvoAo Tou V. Tote To W gival évag utroxwpog Tou V €av gival Kal 1O
i010 S1OVUOHATIKOG XWPOos TTavw oTo TTedio K wg TTpog TI¢ TP AgEIg TNG

mP600eong Kal Tou BAOUWTOU TTOA/MOU.

Mevika: Na W C V 16te To W Ba gival diav. YToXwpog
1.0 e W
2. Vu, v e W, kawa, b e K=a-u+b-v € W



AlavuopaTtikoi Xwpol

YTIroxwpol

‘EoTw V évag d1avuoHaTIKOG XWpog TTavw o€ éva tredio K ToTe TrEpIEXEI dUO

utroxwpoug a) {0}, kai B) {V}. AuToi gival o1 Terpiuévor uTToXWPOI TOu V.

NMapadsiypa:

(a)

iB)

ic)

id)

Let V¥ be any vector space. Then the set [0} consisting of the zero vector alone, and also the entime space V' are

subspaces of V.

Leg W be the xy plane in R consisting of those veclors whose third component is 0; or, in other words
W=1{jo b Oh:a. beR} Mowed=i00 0} e W singe the third component of 0 is 0. Further, for amy vectors
= (a b and v =|c,d, h in W and any scalar k e R, we have

E+uv=jfa+c b+d 0) and b = ki, kb ()

belong to W. Thus W is a subspace of V.

Let V¥ = M, , the space of n = n matnces. Then the subset W, of {upper) triangular matrices and the subset W,
of symmetric matrices are subspaces of V since they are nonempty and closed under matrix addition and
scalar multiplication.

Recall that Pir) denotes the vector space of polynomials. Let P jf) denote the subset of Pif) that consists of all
polynomials of degree <n, for a fixed n. Then P ) is a subspace of P{r). This vector space Pjr) will ocour very
often in our examples.



AlavuopaTtikoi Xwpol

YTIroxwpol

‘EoTw V évag d1avuoHaTIKOG XWpog TTavw o€ éva tredio K ToTe TrEpIEXEI dUO
utroxwpoug a) {0}, kai B) {V}. AuToi gival o1 Terpiuévor uTToXWPOI TOu V.
NMapadsiypa:

Example 52. Let UV and W be subspaces of a vector space V. We show that tl tersection U » W ois also a

subspace of V. Clearly O I/ and O e W gince U7 and W are subspaces: whe 0O U W. Now suppose
el mn W.Then gove UV and w,v e Wand, since U and W are subspgcss,

W4 kue [ and u+ o kue W
for any scalar k. Thus w4+ v, kue U' ~ W oand hepee U ~ W B a subspace of V.

The result in the preceding example generalizes as follows.



AlavuopaTtikoi Xwpol

YTIroxwpol

To Trponyoupevo TTapadelypa cuvowideTal oTO:

H roun ormroiovdnmore urroxwpwyv Tou V gival eriong ummoxwpog rou V.

Recall that any solution u of a system AX = B of linear equations in n unknowns may be viewed as
a point in K"; and thus the solution set of such a system is a subset of K". Suppose the system is
homogeneous, ie, suppose the system has the form AX =0 Let W denote its solution set. Since
Al =0, the zero vector 0 e W. Moreover, if u and v belong to W, ie, if u and v are solutions of
AX =0, then Au = 0 and Av = 0. Thercfore, for any scalars a and b in K, we have

Alau + b)) = adu + bAr =al + B0 =04+ 0=0
Thus au + b is ako a solution of AX = 0 or, in other words, au + br € W. Accordingly, by the above
Corollary 5.3, we have proved:
Theorem 5.5: The solution set W of a homogenous system AX = 0 in n unknowns isa subspace of K".

We emphasize that the solution set of a nonhomogenous system AX = B is not a subspace of K™ In
fact, the zero vector () does not belong to its splution set.



AlavuopaTtikoi Xwpol

Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka

‘EocTw diavooparta Uy, Uy, Us,- -, Uy, € VKAl OYP. OoUVOUAONOG TOUG
H ouAhoyR 6Awv Twv ¢pUIuvrSidoutvietppoRiertitadin

span{ily, iUy, Uz, -+, i, }n spanfu;}
0 € span: 0= 0id; + 0y + - - - + 0,
v, 4 € spanfu;}
Vk € K: d+1d = ({11 + bl)ﬁl + ((12 + bg)ﬁg + e+ ({In + bn)ﬁn, e}
ku = ka1ﬁ1 + kazﬁz + o+ kanﬁ'ﬂ
ETropévwg TO ABpOoICHA TOUG KAl TO BABMWTO YIVOUEVO AVAKEI ETTIONG OTO

span, dpa To span gival Evag UTToXwpPog Tou V.



AlavuopaTtikoi Xwpol
Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka
Eav 10 S gival éva utroouvoAo Tou diav. Xwpou V, TOTE
-> To span{S} cival évag utTroxwpog Tou V 1Tou mTEPIEXE! TO S.

-> Edav To W gival évag utroxwpog Tou V mou mrepiéxel 1o S, 161e span{S}OW.

AAS, o span{S} gival o yIkpOTEPOC UTTOXWPOGS TOU V TTOU TTEPIEXEI TO S.



AlavuopaTtikoi Xwpol

Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka

Eav 10 S gival éva utroouvoAo Tou diav. Xwpou V, TOTE
-> To span{S} cival évag utTroxwpog Tou V 1Tou mTEPIEXE! TO S.

-> Edav To W gival évag utroxwpog Tou V mou mrepiéxel 1o S, 161e span{S}OW.

Suppose § is empty. By definition span § = {0}. Hence span § = {0} is a subspace and § =span §.
Suppose S is not empty, and v e 5. Then le = v € span 5; hence § & a subset of span 8. Thus span § is not
empty since § is not empty. Now suppose v, w € span S, say

b=a,n 4 4 d and w="hw + 4+ b w
where v;, w; € § and a;, b; are scalars. Then

P w=am o O, U by o+ Bywy,

and, (or any scalar k
kv = klagvy + - +a v )= kav, + - + ka_r,

belong to span 8 since each is a linear combination of vectors in 5. Thus span 8 is a subspace of V.
MNow suppose W & a subspace of ¥V containng 8§ and suppose vy, ..., v, e ¥ = W. Then all multples
@y, ..., 0t & W, where g, € K, and hence the sum a0, + - + d_ o, € W. That is, W contains all linear

combinations of elements of 5. Consequenty, span ¥ 15 a subgpace of W, as claimed.



AlavuopaTtikoi Xwpol

Mpappikég ETrekTdoelig — O Xwpog MNpappwy gvog Tivaka

fa) Consider the vector space R®. The linear span of any nonzero vector u e R? consists of all scalar multiples of
u; geometrically, span i is the line through the ongin and the endpoint of u as shown in Fig. 5-1{a) Ako, for
any two vectors u, v € R* which are not multiples of each other, span (u, ¢) is the plane through the ongin and

the endpoints of u and v a8 shown in Fig. 5-1{b).
The vectors g, = (1. 0, Ok &; = (4 1, 0) and e, = (0, O, 1) span the vector space R, Specifically, for any vector

u={ab, c)n R we have
u=(a, b cy=afl, 0, 0§ + DO 1, OF + ol 0, )= ae, + De, + cey

(B)

That &, uis a linear combinationof e, &;, 25 -

JJ/./’“

B



AlavuopaTtikoi Xwpol

Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka

‘Eotw A=[aij] évag auBaipeTog Tivakag mxn wavw o€ éva medio K. Ol
YPOauMéG Tou A R1=all, al2,..,aln, R2=a21,a22,...,a2n,Rm=aml,amz2,...,amn
MTTOPOUV va BswpnBoulv wg diavuouarta otov K" dpa trapdyouyv éva
uttoXwpo Tou K". O uTToOXWPOoGg OVONAZETAI XWPOC YPAUMWYVY KAl
ouppBoAifeTal rowspan(A) (row space). AAS:

rowsp(A)=span(R1,R2,...,Rm)
AvdAoya 10x00uV Kal yia TIG OTAAEG, oTroTE TTPOKUTTEI O Ccolsp(A), kai

IoxUel: colsp(A)=rowsp(AT")



AlavuopaTtikoi Xwpol

Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka

Na dUo ypappoiocoduvapoug rivakeg A~B. MNoTe;

‘EocTw o B mrpokUTTTEl ATTO

a) apoifaia avraAAayn Ri kai Rj

B) AvtikartdoTaon TnG Ri pe kRi

y) Avtikatrdortaon TnG Rj e kRj

ToTe n KGO ypapuun Tou B gival kKal ypauun Tou A | évag YPAUHIKOG
OUVOUAOHNOG TWV Ypauuwy Tou A. Apa rawsp(B) O rawsp(A).
E@apuolovTag Tov avTioTPOo@Po HETACXNHATIONO Oa TTAPOUME TOV A, OTTOTE
rawsp(A) O rawsp(B). Katd cuvétreia o1 A, B €xouv Tov iS10 XWpPO YPOAHHWV.

‘ETO1 TTPOKUTITEI TO TTAPAKATW Bewpnua:



AlavuopaTtikoi Xwpol
Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka
*O1 [PAMHMOICOBUVANOI TTIVOKEG £XOUV TOV idI0 XWPO YPAMMWYV.
“EoTtw A=[aij], B[bij] duo ypaupoicodUvauol kKail KAIJAKWTOI TriVOKES ME
odnyoug Ta aljl, a2j2,...arjr kaui alkl, a2k2,...asks, 161€ o1 U0 TTivakeg £Xxouv
TOV i010 ApIBUO PN MNOEVIKWY YPOAHUHWY i I=S, Kal 01 odnyoi Toug

BpiokovTtal oTIG id1EG BEOEIG.

“Eotw A, B 500 KavoVvIKOi WG TTPOG TIG YPAMMEG TTiVAKEG. TOTE

rawsp(A)=rawsp(B) av kai pévo av £xouv TiG idieg N MNOEVIKES YPOAMMEG.



AlavuopaTtikoi Xwpol

Fpappikég ETrekTdoelg — O Xwpog Npappwy evog Trivaka

Example 54. Show that the subspace L' of R* spanned by the vectors
w, =1L —1.3 i, =241 -1 and uy =3, 63 =T
and the subspace W of R* spanned by the vectors
v, =(L 2 —4 1) and vy = (2, 4 —5 14)
are equal; that is, L' = W,

Method 1. Show that each u; & a linear combination of vy, and v, , and show that cach v, is 2
linear combination of u,, u,, and &, . Observe that we have to show that six systems of linear
equations are consisbeng

Mathod 2. Form the matnx 4 whose rows are the u;, and row reduce 4 to row canonical

form:
1 z —1 3 I - 3 1 2 0 i
A=1]2 4 1 —-2|~|0D i 3 —B|~]|D i I -3
3 t 3 -7 i 0 [R— [ 0 0 0 0

Mow lorm the matrix B whose rows are v, and v, , and row reduce B to row conomical form

(I 2 —4 II) (l 2 -4 |I) (I 2 0 ;)

B - ~ -

2 4 -5 M4/ ‘0o 0o ¥ -8/ W0 0 1 %

Since the nomero rows of the reduced matrices are identical, the row spaces of 4 and B are
equal and so U/ = W,



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

Ta diavuoopara v1,v2,...vn Tou V gival YPAPMIKWG EEAPTNMEVA AV UTTAPXOUV

apifuoi al, a2, ...a3 Tou K, OXI OAOI 0, yia Toug otroioug
alvl+a2v2+...+anvn=0

Al0@OpPETIKA AEE OTI Ta dlavUoHaTa gival yp. AveSapTnTa.

1) éoTw v1=0 16T1€ TO TTAPOTTAVW gival yp. EEapTnuéva, yiaTi?

2) kdBe v£0 gival yp. ave§apTnro yiari kv=0 pe v#0 0 k=0

3)EoTtw v1l=kv2 (1o k ptropei va givai kai 1) Téte Ta Siav. gival yp.

e€aptnuéva yiarti: vl=kv20 vl-kv2+0v3+...+0vn=0 (o0 cuvTeAeoTAG TOU V1

givai #Z0).

4) d00 diavuopara gival yp. e€apTnUéva av Kal JOvo av To £va 1o auTd

gival TToA/o10 Tou dAAov.



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

Ta diavuoopara v1,v2,...vn Tou V gival YPAPMIKWG EEAPTNMEVA AV UTTAPXOUV

apifuoi al, a2, ...a3 Tou K, OXI OAOI 0, yia Toug otroioug
alvl+a2v2+...+anvn=0

Al0@OpPETIKA AEE OTI Ta dlavUoHaTa gival yp. AveSapTnTa.

5) Av 10 oUvoAo {v1,v2,...vn} gival ypappIKa ave§dpTnTo, TOTE KAl

otroladnTroTe avadidTagn Tou 6a odnynoel o€ Eéva cUVOAO YPOAMMIKA

avegapTnTo.

6) av éva ouvoAo SiavuoudTwy, S, gival ypOMMIKA aveEdpTnTo TOTE KOl KAOE

UTTOOUVOAO TOU gival €TTiong yp. aveEdptnto. AAAIWG av To S Trepléxel Eva

YPOMMUIKA £E€apTNMEVO UTTOOUVOAO, TOTE KAI TO S gival YPOAMMIKA eEapTnMEVO.



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

Mapadeiypua:

1) (1,1,0), (1,3,2) kai (4,9,5).

2) (1,2,3), (2,5,7) kau (1,3,5)

3) 'EoTWw 0 S31aVUOHATIKOG XWPOS TWV CUVapTARoewV atrd 1o R->R. Oa
deioupe OT11 01 ouvapThoeig f(t)=sin t, g(t)=ert, h(t)=t*2 gival ypapuikd

aveédpTnteg. (hint: t=0,1r, 1/2)



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

Npaupikg E¢Gdptnon otov R3

1) Avo SiaviouaTta gival YPapMIKG eEapTnUéva av Kal JOvo av BpiokovTal
oTtnyv idia euBeia TTou SiIEpXeETal ATTO TNV APXA TWV afOVWYV (ap. TXAMO)

2) Tpia diavioouarta gival YpapuIKa e€apTnuéva av Kai Jovo av BpiokovTal

o070 id10 gTiTredo MOV TrEPVA Q1o TNV apXN TWV afovwy (de€. oxAUa)




AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

MpappikA EEGpTnOon Kai Mpapuikoi cuvduaocuoi
Ta diavuopara vl, v2, v3, ...,vn gival ypauuIKA eEapTnUéva av Kal uoévo av
Eva atrd auTtd gival YPAUHMIKOG OUVOUAOHOS TWV UTTOAOITTWV.

Na apdadeiypa 10 Vi

vi=alvl+a2v2+...+anvn
TTPOCOETOVTAG TO -Vi KOl OTA U0 MEAN
0=-vi+alvl+a2v2+...+anvn
ME -1#£0, oréTE €ival ypap. e€aptnuéva. AvTtioTpo@a, £0TW OTI gival
YPOMUMIKWYV eEapTnHéVa, OAD
blvl+b2v2+...+bnvn=0 ka1 bjz00
vj=(-b1/bj)v1+(-b2/bj)v2+...+(-bn/bj)vn



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

MpappikA EEGpTnOon Kai Mpapuikoi cuvduaocuoi
blvl+b2v2+...+bnvn=0 kou bjz00
vj=(-b1/bj)v1+(-b2/bj)v2+...+(-bn/bj)vn

OAd TO Vj gival YPAUHMIKOG CUVOUAO OGS TWV UTTOAOITTWV.

Y1roBEéTOoVvTag OTI 2 1} TTEPICOOTEPA UN-PNOEVIKA V1, V2,...,vh gival YPOAUMIKA
eCapTnUéva, TOTE £va atrd dlavUoHaTa €ival Evag YPAUMIKOG CuVOUAO OGS

TWYV UTTOAOITTWV.



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

MpappikA EEGapTnon kai KAipakwToi Mivakeg

Na Tov KAINaKWTO TTivaKa:

0 2 3 4 5 6
0O 0 1 2 3 4
A=10 0 0 1 2 3
0O 0 0 0 1 2
0O 0 0 0 0 1

TTAPATNPOUHE OTI Ol ypoq_még R2,R3,R4 éxouv pr]_6£vmé( oTn deUTEPN OTAHAN
KOl KATW a1rd ToV 00nY6 TG R1. AuTé onuaivel 611 oTroI000ATTOTE
YPOMHIKOG ouvduaouog Twv R2,R3,R4 0a éxel undevikd otnv deUTEPN OTAHAN
APA n R1 d&v ptropei va ypa@Tei WG YPAMMIKOG ouvdouaouog Twy R2,R3,R4.

‘Opola Kal o1 UTTOAOITTEG.



AlavuopaTtikoi Xwpol

MpappikA EEGpTnOoNn-Avegaptnoia

MpappikA EEGapTnon kai KAipakwToi Mivakeg

Na Tov KAINaKWTO TTivaKa:

s

|
c o oo
SO O
O O = W
=R SRS
— M Lo Ot
D W o O

0O 0 0 0 0 1

Apa gival YPOUHIKA aVESAPTNTEG YIATI Kapia Oev uTTopEi va Trapax0ei atro

TIG AAAEG

O1 un PNOEVIKEG YPOAUMEG EVOG TTIVOKA O€ KAIMOKWTA MOPPN €ival YPAMHMIKA

AVESAPTNTEG.



TéAoc Evotntac
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